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Dedicated to Sir Simon Donaldson on the occasion of his 60th birthday
Abstract. We survey the Dirichlet problem for the complex Homogeneous Monge-
Ampe`re Equation, both in the case of domains in Cn and the case of compact Ka¨hler
manifolds parametrized by a Riemann surface with boundary. We then give a self-
contained account of previous work of the authors that connects this with the Hele-Shaw
flow, and give several concrete examples illustrating various phenomena that solutions
to this problem can display.
1. Introduction
Let X be a compact complex manifold of dimension n, Σ be a compact Riemann-surface
with non-empty smooth boundary, and {ωτ}τ∈∂Σ be a family of real (1, 1) forms or currents
on X. Usually we will assume ωτ is smooth, strictly positive, and varies smoothly in τ ,
thus giving a smooth family of Ka¨hler forms parameterized by ∂Σ.
The Dirichlet problem for the complex Homogeneous Monge-Ampe`re Equation (HMAE)
in this setting seeks a real (1, 1) form, or current, Ω on X × Σ satisfying
Ωn+1 = 0,(♦)
Ω ≥ 0,
Ω|X×{τ} = ωτ for τ ∈ ∂Σ.
It is known, under suitable hypothesis on Σ, that one can always find a solution to this
equation in the sense of currents, where Ωn+1 is to be understood as the Monge-Ampe`re
operator defined by Bedford-Taylor. Following Donaldson, we say that a solution is regular
if Ω is smooth and the (1, 1)-forms Ω|X×{τ} are strictly positive for all τ ∈ Σ. Thus a
regular solution gives a family of Ka¨hler forms on X parameterized by Σ. The guiding
question we will be interested in is how far a general solution to (♦) is from being regular,
and whether there are conditions under which a regular solution can be guaranteed.
The first part of this survey considers various instances of the HMAE, beginning with the
work of Bedford-Taylor on the Dirichlet problem for domains in Cn and the pluricomplex
Green function introduced by Klimek. We then turn to the setting above, which took
on particular importance through work of Semmes and independently Donaldson, who
observed that it comes up naturally as the geodesic equation in the space of Ka¨hler metrics
on X.
In the second part we give a self-contained account of previous work of the authors that
relates the HMAE when X itself is a Riemann-surface to a well-known problem in fluid
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mechanics called the Hele-Shaw flow. In doing so we are able to much better understand
this regularity problem, and we end with four concrete examples that show the kind of
irregular behaviour that solutions to (♦) can display. In each case these will be obtained
by constructing Hele-Shaw flows with particular properties.
Our first example (Section 9.1) considers flows developing a “self-tangency” in which
at a particular time a Hele-Shaw domain is simply connected, but has boundary that
self-intersects tangentially at a point. From this we can produce a solution to the HMAE
that is not twice differentiable at certain points. In fact the relation between the self-
tangency and this non-differentiability is extremely explicit, and one can not only see at
which points this occurs but also the directions along which the second derivative does
not exist.
The second example (Section 9.2) shows the Hele-Shaw flow becoming non-simply con-
nected, from which we can produce a solution to the HMAE admitting a definite region
that does not intersect any proper harmonic disc. This obstructs the existence of a local
Monge-Ampe`re foliation with proper leaves, and so this weak solution is far away from
being regular.
In the third example (Section 9.3) we produce a flow whose final domain is simply
connected but has as boundary some (non-trivial) curve. From this we get examples of
solutions to the HMAE that fail to to have the so-called “maximal rank” property. In
the final example (Section 9.4) we apply work of Sakai concerning the Hele-Shaw flow for
domains that have acute corners to obtain boundary data for the HMAE over the disc
that is C1,α for all α < 1 but whose weak solution is not even C1 up to the boundary.
2. Preliminaries
Throughout, D and D denote the open and closed unit disc in C respectively, and D×
and D× will denote these with the origin removed. On any complex manifold X we use
the convention
dc =
i
2pi
(∂ − ∂), so ddc = i
pi
∂∂.
Given a closed real (1, 1)-form θ on a connected X, we say u : X → [−∞,∞) is θ-pluri-
subharmonic (or simply θ-psh) if whenever locally θ = ddcv then u+v is plurisubharmonic.
When u is upper-semicontinuous, locally integrable, and not identically −∞ we write
θu := θ + dd
cu,
and if u is θ-psh then θu ≥ 0 in the sense of currents. The space of plurisubharmonic
functions on X is denoted by Psh(X) and the θ-psh functions by Psh(X, θ). When X has
complex dimension 1, being plurisubharmonic is the same as being subharmonic, and we
use the more common notation Sh(X, θ) for the space of θ-subharmonic functions in this
case.
For general θ there might not be any θ-psh functions, but if θ is strictly positive (and
thus a Ka¨hler form) then there certainly are (for instance the constant functions). We
say u is a Ka¨hler potential (with respect to θ) if it is smooth and θu strictly positive, and
denote the space of such potentials by K(X, θ).
Suppose u is plurisubharmonic on a domain in Cn. When u is twice differentiable its
Monge-Ampe`re measure is defined as MA(u) := (ddcu)n. In general, ddcu is merely a
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positive current so the wedge product (ddcu)n does not immediately make sense. How-
ever, Bedford-Taylor showed that the complex Monge-Ampe`re operator can be defined for
plurisubharmonic functions that are locally bounded [5]. The idea is to define the cur-
rent (ddcu)m := ddc(u(ddcu)m−1) inductively for m ∈ {1, 2, ..., n}. Assuming (ddcu)m−1
is a positive current, it follows that it has measure coefficients, and since u is locally
bounded u(ddcu)m−1 will also be a current with measure coefficients. Thus (ddcu)m :=
ddc(u(ddcu)m−1) is a well defined current and Bedford-Taylor prove that it is positive.
Hence by induction MA(u) := (ddcu)n is a well defined positive (n, n)-current, i.e. a
positive measure.
When u is locally bounded its Monge-Ampe`re measure relative to a smooth (1, 1)-form
θ is defined locally where θ = ddcv as MAθ(u) := MA(u+ v).
3. The HMAE on domains in Cn
3.1. Perron-Bremermann Envelopes. Let U be a smoothly bounded domain in Cn
and φ ∈ C0(∂U). The Dirichlet problem for the complex Homogeneous Monge-Ampe`re
Equation (HMAE) on U with boundary data φ asks for a locally bounded u ∈ Psh(U)
such that
MA(u) = 0 on U,(3.1)
lim
z→ζ
u(z) = φ(ζ) for all ζ ∈ ∂U.
As in the one dimensional case (i.e. when solving the Laplace equation) solutions to HMAE
can be found using envelope constructions. The Perron-Bremermann envelope u is defined
as
(3.2) u := sup∗{v ∈ Psh(U) : limsupz→ζ v(z) ≤ φ(ζ),∀ζ ∈ ∂U},
where sup∗ means the upper-semicontinuous regularization of the supremum. A proof of
the following statement can be found in [52, p18].
Theorem 3.1. Assume U is a smoothly bounded and strictly pseudoconvex domain in Cn.
Then the Perron-Bremermann envelope u is the unique solution to the Dirichlet problem
for the HMAE (3.1) with boundary φ.
One can similarly consider the inhomogeneous Monge-Ampe`re Equation, in which one
seeks a solution to MA(u) = dV where dV is a given smooth volume form. Through the
work of Caffarelli, Kohn, Nirenberg, Spruck [22, 21, 23] it is known that, as long as U
is strictly pseudoconvex, if φ is smooth then the solution to the inhomogeneous problem
with boundary data φ is also smooth. However for the homogeneous case that we are
interested in the answer is more subtle.
Theorem 3.2 (Krylov). Assume U is a smoothly bounded and strictly pseudoconvex do-
main in Cn. If φ ∈ C∞(∂U) then the solution u to the HMAE with boundary data φ lies
in C1,1(U).
The next example shows that this regularity result is optimal.
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Example 3.3. Let U := B be the unit ball in C2 and for (z, w) ∈ ∂B let φ(z, w) :=
(|z|2 − 1/2)2 = (|w|2 − 1/2)2. It can then be easily checked that the solution to the
Dirichlet problem is given by
u(z, w) = (max{0, |z|2 − 1/2, |w|2 − 1/2})2.
This clearly fails to be C2 along the hypersurfaces |z|2 = 1/2 and |w|2 = 1/2.
3.2. Regular solutions, Monge-Ampe`re foliations and proper harmonic curves.
Definition 3.4. We say that a solution u to Dirichlet problem (3.1) is regular if u ∈ C∞(U)
and if at every point of U the kernel of ddcu has complex dimension 1.
Definition 3.5. Let u be a solution to (3.1). A subset of U is called a proper harmonic
curve of u if it is the image of a proper holomorphic map f : Σ → U from a Riemann-
surface Σ such that u ◦ f is harmonic on Σ.
If u is regular, the kernel of ddcu defines a one-dimensional distribution which turns
out to be integrable, and so by Frobenius Integrability Theorem yields a foliation of U
whose leaves are proper harmonic curves. This is known as the associated Monge-Ampe`re
foliation. Thus a way to gauge the failure of regularity of a solution is to see how far the
set of proper harmonic curves is from foliating the domain.
Returning to Example 3.3 one easily checks that the set of proper harmonic curves
consists of the discs {(z, c) ∈ B} and {(c, w) ∈ B} for 1/2 ≤ |c|2 < 1 together with the
discs {(z, cz) ∈ B} for |c| = 1. Interestingly, even though this set of discs is far from
foliating the domain B their boundary circles do foliate ∂B. In particular ∂B is contained
in the closure of the union of proper harmonic curves. We are not aware of any examples
of solutions to the above Dirichlet problem where this is not the case.
A related but different issue is that of finding local harmonic discs, i.e. non-trivial but
not necessarily proper holomorphic discs along which u is harmonic. Indeed looking at
Example 3.3 it is clear that through any point in B passes at least one local harmonic disc.
However, an interesting construction of Sibony shows that this not always has to be the
case (for the details see [52, Sect. 3.5.1] and references therein).
3.3. Pluricomplex Green functions. Another manifestation of the HMAE comes through
the so-called pluricomplex Green function. Let U be a smoothly bounded strictly pseudo-
convex domain in Cn and fix a point z0 ∈ U .
Definition 3.6. The pluricomplex Green function of U with singularity at z0 is defined
as
uU,z0 := sup
∗{v ∈ Psh(U) : v ≤ 0, νz0(v) ≥ 1}.
Above νz0(v) denotes the Lelong number of v at the point z0, defined by
νz0(v) = sup{t : v ≤ t ln |z − z0|2 +O(1)}
(we refer the reader to §5.1 for more on Lelong numbers).
Theorem 3.7 (Demailly, B locki). The pluricomplex Green function uU,z0 solves the HMAE
on U \ {z0} and is C1,1 on U \ {z0}.
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We say that the pluricomplex Green function is regular if it is C∞ on U \ {z0} and the
kernel of ddcu one-dimensional on U \ {z0}. Given a regular solution, the corresponding
Monge-Ampe`re foliation will then consist of holomorphic curves attaching to ∂U and by
the maximum principle all will pass through the point z0.
It was shown by Lempert [77] that the pluricomplex Green function is regular when
the domain U is smoothly bounded and strictly convex. The discs of the corresponding
Monge-Ampe`re foliation contain important information of the domain U .
For z, w ∈ U , the Kobayashi distance between z and w, denoted by δK(z, w), is defined
as the infimum of the Poincare´ distance between pairs x and y in D over all holomorphic
discs f : D → U with f(x) = z and f(y) = w. Such a disc connecting z and w is called
extremal if it realizes the Kobayashi distance. Lempert proves in [77] that when U is
smoothly bounded and strictly convex, for any z, w ∈ U there exists an extremal disc
(unique up to reparametrization) and that this is exactly the disc of the Monge-Ampe`re
foliation of uU,z0 that passes through w. We will discuss more of Lempert’s proof in
connection with the Donaldson Openness Theorem in §4.2.
In contrast, Bedford-Demailly [2] give examples of smoothly bounded strictly pseudo-
convex domains with a pluricomplex Green function which is not C2 up to the boundary.
It seems not to be known whether they also fail to be C2 in the interior of the domain.
3.4. Bibliographical Remarks. The reader interested in more comprehensive surveys
on this topic is referred to Berndtsson [13], Guedj [52], Guan [50], Ko lodziej [68, 69], Phong-
Song-Sturm [85] and Zeriahi [123]. The definition of the Perron-Bremermann envelope goes
back to [83] and [19]. That this envelope is continuous when U is strictly pseudoconvex
was proved by Walsh [121] who also gives examples in which this fails for more general U .
That the envelope is locally C1,1 when the domain is the unit ball was proved by Bedford-
Taylor [4], where they also showed that for any smoothly bounded strictly pseudoconvex
domain the solution was Lipschitz up to the boundary. The full statement of Theorem
3.2 (namely that the solution is C1,1 all the way up to the boundary) is due to Krylov [71]
(see also [52] for a detailed exposition of Krylov’s proof).
Example 3.3 is due to Gamelin and Sibony (see [47] and also [52, Ex. 2.13]). The study
of Monge-Ampe`re foliations goes back to the work of Bedford-Kalka [3].
Pluricomplex Green functions were introduced by Klimek [66] and independently by
Zakharyuta [122]. The part of Theorem 3.7 which says that the pluricomplex Green
functions solves the HMAE was first proved by Demailly [38], while the C1,1-regularity is
due to Blocki [15]. More on the pluricomplex Green function and its applications can be
found, for instance, in [17, 48, 49, 61, 62, 78].
4. The HMAE for compact Ka¨hler manifolds
4.1. Weak and Regular Solutions. Suppose now that (X,ω) is a compact Ka¨hler
manifold (without boundary) and Σ is a compact Riemann-surface with non-empty smooth
boundary. Let φ ∈ C∞(X × ∂Σ) be chosen so φ(·, τ) ∈ K(X,ω) for each τ ∈ ∂Σ. Letting
piX : X ×Σ→ X be the projection, we denote by Psh(X ×Σ, pi∗Xω) the space of functions
that are pi∗Xω-plurisubharmonic on the interior of X × Σ.
6 JULIUS ROSS AND DAVID WITT NYSTRO¨M
Definition 4.1. We say Φ ∈ Psh(X × Σ, pi∗Xω) ∩ C0(X × Σ) solves the HMAE with
boundary data φ if
MApi∗ω(Φ) = 0,(4.1)
lim
z→ζ
Φ(z, ζ) = φ(ζ) for all ζ ∈ X × ∂Σ.
By analogy with Perron-Bremermann envelope set
Φ := sup∗{Ψ ∈ Psh(X × Σ, pi∗Xω) : limsupz→ζ Ψ(z) ≤ φ(ζ) for ζ ∈ X × ∂Σ}
We assume henceforth that Σ is compact and carries a smooth strictly plurisubharmonic
function χ such that χ|∂Σ = 0 (in fact we will mostly be concerned when Σ is either a disc
or an annulus in which case this clearly holds). Using this, the following is proved almost
exactly as in the local case (see, for instance [52, Ch. 1,7]).
Proposition 4.2. The envelope Φ is the unique solution to (4.1).
We are thus justified in calling Φ the weak solution to the HMAE with boundary data
φ. The following statement (proved recently by Chu-Tosatti-Weinkove [32]) is the optimal
regularity that one can expect in general.
Theorem 4.3. Let φ ∈ C∞(X × ∂Σ) be chosen so φ(·, τ) ∈ K(X,ω) for each τ ∈ ∂Σ.
Then the weak solution Φ to the HMAE with boundary data φ lies in C1,1(X × Σ).
Observe that by hypothesis ωτ := ω+dd
cφ(·, τ) is a Ka¨hler form on X for each τ ∈ ∂Σ,
and so if Φ solves (4.1) then the (1, 1)-current
Ω := pi∗Xω + dd
cΦ
solves the Dirichlet problem for the HMAE with boundary data {ωτ}τ∈∂Σ, as considered
in the introduction. Following Donaldson [42] we make the following definition:
Definition 4.4. We say the weak solution Φ to the HMAE (4.1) is regular if it is smooth
and Φ(·, τ) ∈ K(X,ω) for all τ ∈ Σ.
Just as in the local case, a regular solution defines a foliation of X × Σ. In more
detail, consider the associated form Ω := pi∗Xω + dd
cΦ. By being the weak solution to the
HMAE we have Ω ≥ 0 and Ωn+1 = 0 on X × Σ. On the other hand, if Φ is regular then
Ω|X×{τ} = ω + ddcΦ(·, τ) is strictly positive for all τ ∈ Σ. Thus the kernel of Ω at each
point of X×Σ is one-dimensional, and so gives a one-dimensional distribution. Since Ω is
closed the distribution is integrable, and so by the Frobenius Integrability Theorem gives
foliation of X × Σ. The leaves are complex since Ω is of type (1, 1) and by construction
Φ is pi∗Xω-harmonic along these leaves. As Ω|X×{τ} is strictly positive, these leaves are
necessarily transverse to the fibres over Σ.
If Φ is merely a weak solution then there is no reason to think such a foliation will exist.
However it can still happen that there are some transverse curves along which the weak
solution is harmonic.
Definition 4.5. Let f : Σ → X be proper and holomorphic. We say the graph of f is a
proper harmonic curve for the weak solution Φ to the HMAE if Φ ◦ f is pi∗Xω-harmonic.
If Σ = D is the unit disc we refer to this as a proper harmonic disc.
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It is in general very hard to determine whether a certain weak solution to the HMAE is
regular or not. A trivial, but still sometimes useful, special case is when φ ∈ C∞(X × ∂Σ)
is independent of the point in ∂Σ. For then Φ(z, τ) := φ(z) for (z, τ) ∈ X × Σ is clearly
a regular solution to the HMAE, whose Monge-Ampe`re foliation is simply the horizontal
slices {z} ×Σ for z ∈ X. We will see in the next section that this can be used to produce
non-trivial examples of regular solutions.
4.2. Donaldson’s Openness Theorem. Suppose now that Σ = D is the unit disc in C.
The following theorem says that the existence of regular solutions to the HMAE persists
under small perturbations of the boundary data.
Theorem 4.6 (Donaldson). Suppose the weak solution to the HMAE with boundary data
φ ∈ C∞(X × ∂D) is regular. Then for any k ≥ 2 and 0 < α ≤ 1 there is an  > 0 such
that if g ∈ C∞(X × ∂D) has Ck,α-norm less than  then the weak solution to the HMAE
with boundary data φ+ g is also regular.
Very roughly, this result is obtained by casting the problem of deforming the harmonic
discs of a Monge-Ampe`re foliation as an elliptic problem. Actually is it not precisely these
discs that are used, but instead discs from an auxiliary construction that we now sketch.
Let Θ := Θ1+iΘ2 be a holomorphic 2-form on a complex manifold W , where Θ1 and Θ2
are real symplectic forms. A (real) submanifold V of W is said to be an LS-submanifold
if it is Lagrangian with respect to Θ1 (i.e. Θ1 vanishes along W ) while being symplectic
with respect to Θ2 (i.e. Θ2 restricts to a symplectic form on W ).
Semmes [111] and Donaldson [42] show that given a compact Ka¨hler manifold (X,ω)
there exists a holomorphic fibre bundle pi : WX → X with holomorphic 2-form Θ such
that Ka¨hler forms in the same cohomology class as ω correspond to LS submanifolds in
WX . Roughly speaking, W is constructed as follows. If ω has a local potential u on some
open set U we identify WU with the (1, 0)-part of the complexified cotangent bundle of
U . If zi are local holomorphic coordinates any (1, 0)-form can be written as
∑
i ζidzi, thus
(ζi, zi) are local holomorphic coordinates on WU and locally Θ :=
∑
i dζi ∧ dzi.
If V is another open set where ω has the local potential v, then over U∩V the transition
function of the fibre bundle WX is set to be ∂(v−u). Thus there is a global section of WX ,
locally given by ∂u. By a simple calculation, the graph of this section is a LS-submanifold.
Any Ka¨hler form cohomologous to ω comes from a Ka¨hler potential φ ∈ K(X,ω), whose
corresponding LS-submanifold is locally given by the graph of ∂(u + ψ). Moreover, as
Donaldson shows, in [42], any closed LS-manifold in WX in the isotopy class of ∂u arises
this way.
Now let φ ∈ C∞(X × ∂D) and assume that φτ ∈ K(X,ω) for each τ ∈ ∂D. By the
above, this defines a family Λτ of associated LS-submanifolds in WX . Donaldson proves
the following:
Proposition 4.7. There is a regular solution Φ to the HMAE with boundary data φ if
and only if there is a smooth family of holomorphic discs gx : D → WX parametrized by
x ∈ X such that
• pi(gx(0)) = x;
• for each τ ∈ ∂D and each x ∈ X,
gx(τ) ∈ Λτ ;
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• for each τ ∈ D, the map x 7→ gx(τ) is a diffeomorphism of X.
For a fixed τ ∈ D the image of the map x 7→ gx(τ) is the LS-submanifold associated to the
Ka¨hler form ω + ddcΦ(·, τ).
Thus regular solutions to the HMAE come from these particular families of holomorphic
discs. Then one can apply the deformation theory of holomorphic discs with boundary in a
totally real submanifold (which is essentially an elliptic problem) to see that the existence
of such a family is open as the boundary data varies, thus proving Theorem 4.6.
It is interesting to note that the regularity result of Lempert for the pluricomplex
Green function discussed in §3.3 is proved in a somewhat analogous manner. Recall that
a holomorphic disc f : D → U with f(x) = z and f(y) = w is said to be extremal if it
realizes the Kobayashi distance between z and w. Let v denote the normal vector field of
∂U pointing outward. Lempert calls a disc f stationary if it extends continuously to a map
f : D → U with f(∂D) ⊆ ∂U , and if the map ∂D 3 ζ 7→ [v1(f(ζ)) : ... : vn(f(ζ))] ∈ Pn−1
extends to a holomorphic function fˆ : D→ Pn−1. Lempert proves that a stationary disc is
extremal and conjectures that the converse also holds. One can interpret f being stationary
as saying that the combined disc (f, fˆ) is attached to a certain totally real submanifold,
and hence stationary discs persist given small perturbations of U . In particular this proves
regularity for the pluricomplex Green function for domains that are small perturbations
of the unit ball (thus the analogy with Donaldson’s Openness proof). To prove the result
for all strictly convex domains Lempert uses a continuity argument, by establishing the
required a priori estimates.
4.3. Bibliographical Remarks. In work of Mabuchi [82], Semmes [111] and Donaldson
[42], the space K(X,ω) of Ka¨hler metrics cohomologous to ω is given the structure of an
infinite dimensional Riemannian manifold and, somewhat amazingly, the HMAE turns out
to be the geodesic equation in this space. More specifically, to find a geodesic segment
joining two points φ0, φ1 ∈ K(X,ω) requires solving the Dirichlet problem for the HMAE
over X × A where A is an annulus, say A = {c0 < |τ | < c1}, and the boundary data is
taken to be φ(z, τ) := φi(z) for |τ | = ci with i = 0, 1. Thus any smoothness properties
of the weak solution to the HMAE becomes a statement about smoothness of this (weak)
geodesic segment, and having a regular solution says precisely that there is a genuine
(i.e. smooth) geodesic segment joining φ0 and φ1 in K(X,ω). This manifestation of the
HMAE generated much interest, not least since it was observed by Donaldson [42] that
the existence of a (sufficiently nice) geodesic segment joining any two points in K(X,ω)
would imply uniqueness of constant scalar curvature Ka¨hler metrics.
We refer the reader again to [13, 50, 52, 68, 69, 85, 123] for other surveys on this topic.
The statement that the weak solution to the HMAE is C1,1, now proved in [32], has a
long history. It was proved by Chen [26] (with complements by B locki [18]) that the weak
solution has bounded Laplacian on X ×Σ and so in particular is C1,α for any α < 1 in the
interior of X ×Σ. Moreover B locki proves that if (X,ω) is assumed to have non-negative
bisectional curvature then the weak solution is C1,1. Other works on this topic include
those of Phong-Sturm [86, 88, 90], Eyssidieux–Guedj–Zeriahi [45], Demailly et al [41].
When Σ is the unit disc, C1,1 on the interior of X × Σ has been proved by Berman [8]
using a technique based on the original approach of Bedford-Taylor.
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One can more generally consider the Dirichlet problem for the HMAE on a complex
manifold-with-boundary, and several of the above cited references, including [32], hold in
this case as well (usually under an assumption of being weakly-pseudoconcave or having
Levi-flat boundary). For example, one can consider the HMAE on the total space of a
(sufficiently nice) test-configuration, thus connecting K-stability with weak-geodesics (see,
for instance [9, 30, 87, 99, 115] as well as the contribution by Sze´kelyhidi in this volume).
Works on the related question of the implications of the HMAE to the geometry of the
space of Ka¨hler metrics include those of Arezzo-Tian [1], Berman-Boucksom-Guedj-Zeriahi
[11], Berndtsson-Cordero-Erausquin-Klartag-Rubinstein [14], Chen-Sun [29], Chen-Tian
[31] and Darvas [35, 36]. Ultimately it turned out that the particular application con-
cerning uniqueness of constant scalar curvature Ka¨hler metrics cannot easily be addressed
through regularity, but can resolved with just the weak solution as achieved by Berman-
Berndtsson [10] (see also Chen-Li-Pa˘un [28]).
Donaldson [42] gives examples of boundary data over the disc for which the weak so-
lution is not regular, but we observe that the argument uses contradiction, and thus is
non-explicit. Nevertheless, it was initially hoped that this phenomena would not hold over
the annulus, and so any weak geodesic connecting two Ka¨hler potentials would be regular
(and thus a geodesic in the strongest possible sense). It was not until the work of Lempert-
Vivas that this was proven not to be the case. In [80] they find geodesic segments that
are not C3 up to the boundary, and later Darvas-Lempert [79] found geodesic segments
that fail to be C2 up to the boundary. In subsequent sections we will see how regularity
can fail both for the HMAE over the disc and over the punctured disc. As the case for the
pluricomplex Green’s function, it is currently unknown whether or not singularities can
occur in the interior.
5. The Hele-Shaw Flow
The rest of this paper is devoted to surveying previous work of the authors which
connects the HMAE with the Hele-Shaw flow. We shall discuss two approaches to this
flow, and both are useful in understanding its relation with the HMAE. First is the so-called
weak Hele-Shaw flow that can be described using basic potential-theoretic constructions.
The advantage of this approach is that it does not require any a priori smoothness, making
it both elementary and very flexible. Second is the strong Hele-Shaw flow that is defined
dynamically by describing the motion of the boundary of the flow. This necessarily requires
assuming more smoothness, but has the advantage of having a physical interpretation thus
making it more intuitive.
Of course, the strong Hele-Shaw flow is also a weak one, and a weak Hele-Shaw flow
that is also smooth will be a strong one. In this section we shall only consider the weak
flow, allowing us to quickly move to the connection with the HMAE. Consideration of the
strong flow will be postponed until §8.
Our account is broadly self-contained, in that we include all the main features of the
flow we need. That said, this represents only a tiny part of the Hele-Shaw flow theory,
and the reader will find in the bibliographical remarks many references that go far beyond
what is included here.
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5.1. Lelong Numbers. From now on, X will be a connected Riemann surface along
with a distinguished point z0 ∈ X and ω will be a Ka¨hler form on X. As X has complex
dimension 1 being plurisubharmonic is the same as being subharmonic, and we let Sh(X,ω)
denote the space of functions that are ω-subharmonic. Let z be a holomorphic coordinate
defined near z0. Then for ψ ∈ Sh(X,ω) the Lelong number of ψ of z0 is defined to be
νz0(ψ) := sup{c ≥ 0 : ψ ≤ c ln |z − z0|2 +O(1)}
where the inequality is to be understood as meaning there is a constant C such that
ψ ≤ c ln |z−z0|2+C near z0. We observe the supremum is actually attained, so if νz0(ψ) = t
then ψ ≤ t ln |z − z0|2 + O(1). To see this, let B be a small ball centered around z0. For
any c < t the function ψ(z)− c ln |z − z0|2 is bounded above as z tends to z0, and lies in
Sh(B\{z0}, ω) and thus extends to a function in Sh(B,ω) [67, Theorem 2.7.1]. On the other
hand, on the boundary of the ball, ψ(z)−c ln |z−z0|2|∂B is bounded from above uniformly
over all c < t. Thus by the maximum principle ψ(z) − c ln |z − z0|2 is bounded above
uniformly over z ∈ B and c < t. Then letting c tend to t gives ψ(z) ≤ t ln |z− z0|2 +O(1)
as claimed.
The Lelong number measures the mass of the current ddcψ at the point z0, in that
(5.1) νz0(ψ) = lim
r→0+
∫
Br
ddcψ = lim
r→0+
∫
Br
ωψ
where Br is the ball of radius r centered at z0 [39, Theorem 2.8].
5.2. Definitions. The basic definition on which everything else is based is the following:
Definition 5.1. (Hele-Shaw Envelope) For t ∈ R let
ψt := sup{ψ ∈ Sh(X,ω) : ψ ≤ 0 and νz0(ψ) ≥ t}.
We shall refer to ψt as the Hele-Shaw envelope at time t.
Of course the envelope ψt depends on the background Ka¨hler form ω, but this will
always be clear from context. Clearly ψt ≤ 0 everywhere.
Definition 5.2. (Weak Hele-Shaw Flow) For t ∈ R set
Ωt := {z ∈ X : ψt(z) < 0}.
We refer to Ωt as the weak Hele-Shaw domain at time t, and the collection of all such
domains as the weak Hele-Shaw flow.
The weak Hele-Shaw domains are generally hard to compute, unless one imposes some
additional symmetry as in the following example.
Example 5.3. (Radially Symmetric Case) Suppose X = C, let z0 be the origin and
assume the Ka¨hler form ω is radially symmetric. Then we can write
ω = ddcφ
for some smooth radially symmetric function φ on C, so
φ(eiθz) = φ(z) for all θ ∈ R.
THE DIRICHLET PROBLEM FOR THE COMPLEX HMAE 11
It is not hard to see that the Hele-Shaw envelopes and Hele-Shaw domains are also be
radially symmetric, and we now calculate what these actually are. We assume for all t > 0
that φ satisfies the growth condition
φ(z) ≥ t ln |z|2 +O(1) for |z|  0.
It is convenient to use the variable
s = − log |z|2
so our distinguished point z = 0 corresponds to s =∞. Then we can write
φ(z) = u(s)
for some smooth u : R→ R. By differentiating twice, one can check the condition that ω
is strictly positive implies u is strictly convex, and
lim
s→∞
du
ds
= 0 and lim
s→−∞
du
ds
=∞
(the first coming from φ(z) extending smoothly over z = 0, and the second coming from
the assumed growth condition). So for t ∈ R+ there is a unique s0 ∈ R such that
du
ds
|s0 = −t.
We let
vt(s) :=
{
u(t) for s < s0
u(s0)− t(s− s0) for s ≥ s0
Then vt is the largest convex function bounded above by u with the property that vt(s) ≤
−ts+O(1) as s→∞. We claim the Hele-Shaw envelope is given by
(5.2) ψt(z) = vt(s)− u(s)
and the weak Hele-Shaw domain is
Ωt = {s > s0} = {z : |z|2 < e−s0}.
To prove this, set ψ˜(z) = vt(s)− u(s) so the goal is to show ψ˜ = ψt. Observe vt being
convex implies ψ˜ ∈ Sh(C, ω) and its behaviour as s tends to infinity gives νz=0(ψ˜) = t.
Clearly ψ˜ ≤ 0, so ψ˜ ≤ ψt. For the other inequality, let ψ ∈ Sh(X,ω) satisfy ψ ≤ 0 and
νz=0(ψ) ≥ t. As vt is linear on {s > s0} we have ωψ˜ = 0 on D× := {s > s0} = {0 < |z|2 <
e−s0}. Then the difference ψ − ψ˜ is bounded as z → 0 and subharmonic on D× and thus
extends to a subharmonic function on all of D [67, Theorem 2.7.1]. On the other hand
ψ˜ = 0 on ∂D, and so ψ − ψ˜ ≤ 0 on ∂D. Thus by the maximum principle, ψ ≤ ψ˜ on all
of D. But vt = u on the set {s ≥ s0} so on the complement of D clearly ψ˜ = 0 ≥ ψ, and
hence ψ ≤ ψ˜ everywhere. Taking the supremum over all such ψ gives ψt ≤ ψ˜, and thus
ψt = ψ˜ as claimed. The conclusion then about the weak Hele-Shaw domain follows as this
is the set on which vt is equal to u.
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5.3. Basic Properties of the Hele-Shaw Flow on compact Riemann surfaces.
Assume now X is compact, which in particular implies
∫
X ω is finite. It is not hard to see
if ω is replaced with λω for some λ > 0 then ψt is replaced with λψλ−1t and Ωt replaced
by Ωλ−1t. Thus without loss of generality we assume that∫
X
ω = 1.
With this in mind we turn to some of the basic properties of the weak Hele-Shaw flow.
Proposition 5.4 (Basic Properties of the weak Hele-Shaw flow in the compact case).
(1) For t ≤ 0 we have ψt ≡ 0 and Ωt = ∅.
(2) For t > 1 we have ψt ≡ −∞ and Ωt = X.
(3) For t ∈ [0, 1] we have
(a) ψt is locally bounded away from z0.
(b) ψt ∈ Sh(X,ω).
(c) νz0(ψt) = t.
(d) ωψt |Ωt = tδz0.
Our proof will use the following preliminary result.
Lemma 5.5. There exists an α ∈ Sh(X,ω) ∩ C∞(X \ {z0}) such (1) supX α = 0 (2)
α = ln |z − z0|2 +O(1) near z0, so in particular νz0(α) = 1 and (3) ω + ddcα = δz0.
Proof. Suppose z is a holomorphic coordinate on a ball B around z0. Let ρ be a bump
function identically 1 near z0 and supported in B and consider
β(z) := ρ(z) log |z − z0|2.
Then ddcβ = δz0 + τ for some smooth form τ . But in Dolbeault cohomology 0 = [dd
cβ] =
[δz0 ] + [τ ] = [ω] + [τ ] where the last equality uses
∫
X ω = 1 (and we are using Dolbeault
cohomology of currents, which agrees with Dolbeault cohomology of smooth forms [40,
IV, 6.13]). Thus τ = −ω+ddcf for some smooth function f on X, and α := β− f −C for
a suitable constant C is in Sh(X,ω) ∩ C∞(X \ {z0}) and satisfies conditions (1) through
(3). 
Remark 5.6. On P1, with its Fubini-Study form, and coordinate z on C ⊂ P1 so z0 is
the origin, we can explicitly write α = ln |z|2 − ln(1 + |z|2).
Proof of Proposition 5.4. All of this is rather standard, and for convenience we give details.
If t ≤ 0 then the constant function 0 is a candidate for the envelope defining ψt, giving
(1). On the other hand if ψ ∈ Sh(X,ω) is not identically −∞ and νz0(ψ) ≥ t then
t ≤ ∫X ωψ = ∫X ω = 1 by (5.1) which proves (2).
So assume now t ∈ [0, 1]. Then (3a) follows as ψt is bounded from below by the function
tα where α is provided by Lemma 5.5. Moreover this implies νz0(ψt) ≤ νz0(tα) = t. Now
let z be a holomorphic coordinate defined near z0 and consider
β := sup∗{ψ ∈ Sh(X,ω) : ψ ≤ 0 and ψ ≤ t ln |z − z0|2 +O(1)}.
Clearly β ≥ ψt and we shall show that in fact equality holds.
First observe being the upper-semicontinuous regularisation of a supremum of ω-sub-
harmonic functions, β is itself ω-subharmonic [67, Thm 2.6.1(iv)] and clearly β ≤ 0. We
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claim νz0(β) ≥ t. The issue here is that the O(1) term in the definition of β can depend
on ψ. To address this, let B be a small ball around z0 on which we can write ω = dd
cζ
for some smooth function ζ. Let γ be the solution to the classical Dirichlet problem for
the Laplacian
(5.3) ddcγ = 0 on B and γ|∂B = (ζ − t ln |z − z0|2)|∂B.
It is known [67, Theorem 2.2.6] such a γ exists, and is locally bounded on B. Then set
 := −ζ + t ln |z − z0|2
and we claim β ≤  near z0. To see this, suppose ψ ∈ Sh(X,ω) is such that ψ ≤ 0 and
νz0(ψ) ≥ t. Then
ψ −  = ψ + ζ − t ln |z − z0|2 ∈ Sh(B \ {z0}).
On the other hand by construction (ψ − )|∂B ≤ −|∂B = γ|∂B. As z approaches 0 we
have ψ ≤ t ln |z− z0|2 +O(1) and  = t ln |z− z0|2 +O(1) so ψ−  is bounded near z0, and
thus extends to a subharmonic function over all of B [67, Theorem 2.7.1]. Hence by the
maximum principle ψ ≤ +γ over B. Taking the supremum over all such ψ, and then the
upper semicontinuous regularisation, we deduce β ≤  near z0 as claimed. In particular
β ≤ t ln |z− z0|2 +O(1) giving νz0(β) ≥ t. Thus β is a candidate for the envelope defining
ψt, so in fact β = ψt proving items (3b) and (3c).
That ψt is ω-harmonic away from z0 is proved the same way that the Perron-Bremermann
envelope is shown to solve the HMAE. Then (3d) follows from (3c) and (5.1).

Corollary 5.7. (Openness, Connectedness) The Hele-Shaw domain Ωt is open, connected
and z0 ∈ Ωt for t > 0.
Proof. Openness of Ωt follows from semicontinuity of ψt, and if t > 0 then νz0(ψ) > 0 so
ψt(z0) = −∞ giving z0 ∈ Ωt. If Ωt were not connected then we could find a component S
that does not contain z0. Since Ωt is open, ∂S ⊂ X \Ωt and so ψt = 0 on ∂S. As ωψt = 0
on Ωt \ {z0} we see −ψt is subharmonic on S, so the maximum principle implies −ψt ≤ 0
on S. But this is absurd as S ⊂ Ωt = {ψt < 0}. 
The next two results show the Hele-Shaw domains only depends on the value of the
Ka¨hler metric in a region slightly larger than that domain. To express this precisely,
suppose ω˜ is another Ka¨hler form on X, with
∫
X ω˜ = 1, and denote by ψ˜t and Ω˜t the
Hele-Shaw envelopes and weak Hele-Shaw domains associated to ω˜.
Lemma 5.8 (Monotonicity). Suppose S ⊂ X is open and
ω˜ ≥ ω over S,
and assume Ωt is relatively compact in S. Then
(5.4) ψt ≤ ψ˜t and Ω˜t ⊂ Ωt.
Proof. The statement is trivial if t < 0 or t > 1, so suppose t ∈ [0, 1]. From Proposition
5.4(3b) ψt ∈ Sh(X,ω), so the hypothesis implies ψ˜t ∈ Sh(S, ω˜). Since Ωt is relatively
compact in S we see ψt is identically zero on a neighbourhood of X \ S, and so over
this neighbourhood ω˜ψt = ω˜ ≥ 0. Thus ψt ∈ Sh(X, ω˜). Now Proposition 5.4(3c) gives
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νz0(ψt) ≥ t, and so ψt is a candidate for the envelope defining ψ˜t, giving ψt ≤ ψ˜t from
which it follows Ω˜t ⊂ Ωt 
Corollary 5.9. (Locality) If ω = ω˜ on some open S ⊂ X and Ωt is relatively compact in
S then ψt = ψ˜t and Ωt = Ω˜t.
Proof. One application of the previous lemma tells us Ω˜t ⊂ Ωt and so Ω˜t is also relatively
compact in S. Then we can apply the lemma again with the roles of ω˜ and ω reversed. 
We next express the Hele-Shaw envelope in a slightly different way. Recall the function
α from Lemma 5.5 that is smooth away from z0, and satisfies
ω + ddcα = δ0 and sup
X
α = 0 and α = ln |z − z0|2 +O(1) near z0.
Lemma 5.10. For t ∈ [0, 1],
ψt = sup{ψ ∈ Sh(X, (1− t)ω) : ψ ≤ −tα}+ tα.
Proof. The statement is trivial when t = 0, so we assume t > 0. Set
u := sup{ψ ∈ Sh(X, (1− t)ω) : ψ ≤ −tα}
so the goal is to prove ψt = u+ tα. Clearly ψt − tα ≤ −tα and (1− t)ω + ddc(ψt − tα) =
ωψt − tδ0 ≥ 0 by Proposition 5.4(3b,d). On the other hand since νz0(ψt) = t we have
ψt − tα is bounded near z0. Thus ψt − tα extends over z0 to a function in Sh(X, (1− t)ω)
[67, Theorem 2.7.1] and we conclude ψt − tα ≤ u.
For the other inequality, if ψ ∈ Sh(X, (1− t)ω) satisfies ψ ≤ −tα then ψ + tα ≤ 0 and
tα ∈ Sh(X, tω) so by convexity ψ+ tα ∈ Sh(X,ω). Moreover any such ψ is bounded above
near z0, so νz0(ψ + tα) ≥ νz0(tα) = t. Hence ψ + tα ≤ ψt, and taking the supremum over
all such ψ gives u+ tα ≤ ψt as required.

The previous Lemma casts the envelope ψt as a (translation of) the solution to an
obstacle problem with obstacle −tα. A slight difference between this and the classical
theory is that often the obstacle is assumed to be a smooth (or at least bounded) function,
but this is easily circumvented as in the following statement.
Lemma 5.11. There exists an f ∈ C∞(X) such that
(5.5) sup{ψ ∈ Sh(X, (1− t)ω) : ψ ≤ −tα} = sup{ψ ∈ Sh(X, (1− t)ω) : ψ ≤ f}.
Sketch Proof. In a small disc D around z0 on which ω = dd
cζ let v solve ddcv = 0 on D
and v|∂D = −tα+ (1− t)ζ|∂D. If ψ is a candidate for the envelope on the left hand side of
(5.5) then by the maximum principle ψ ≤ v− (1− t)ζ =: w on D. Now w is bounded but
−tα tends to infinity near z0, so we can find an f ∈ C∞(X) such that f = −tα on X \D
and f ≤ −tα on X and w ≤ f on D, and it is easy to see then that (5.5) holds for this
f . 
For more advanced information about the flow we will need some smoothness of the
Hele-Shaw envelope. Note ψt will not generally be C∞, as can be seen in Example 5.3.
However the following says this is, in some sense, the worst that can happen:
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Theorem 5.12 (Regularity of Hele-Shaw envelope). For t < 1 the Hele-Shaw envelope ψt
is C∞ on Ωt \ {z0} and is C1,1 on X \ {z0}.
Proof. The first statement is clear as ωψt = 0 on Ωt \ {z0} and harmonic functions are
smooth. The deeper statement is the second, which is somewhat technical and so we
omit the details. When X = P1 the result we want may be reduced to known regularity
of solutions of the obstacle problem for the Laplacian for domains in R2 [20] due to
Cafarelli-Kinderlehrer, and the reader interested in this reduction will find details in [102,
Proposition 1.1]. For general Riemann surfaces we need more machinery. For instance,
there is no loss in assuming ω is integral, at which point the ψt is among the envelopes
considered by [7] and [100] where the desired C1,1 regularity is proved (strictly speaking
the cited results only apply when t is rational, but the proofs given there give uniform
estimates of the C1,1 under perturbations of t and the result for all t ∈ (0, 1) then follows by
approximation). We refer the reader to §5.5 for further regularity results in this direction.

Corollary 5.13. For t < 1 the boundary ∂Ωt of the weak Hele-Shaw domain has measure
zero.
Proof. Let u := −ψt so Ωt = {u > 0} and by the previous Theorem u is C1,1 in a
neighbourhood U of ∂Ωt. Since ωψt |U = 0, we have ∆u ≥ λ > 0 on U .
Fix x ∈ ∂Ωt. We first claim there is an  > 0 such that for all r > 0 sufficiently small
there is a y with
(5.6) u(y) ≥ r2 and y ∈ Br(x).
To prove this, we may work locally near x and assume our distance function is the usual
Euclidean one. Consider a sequence of points xn ∈ Ωt converging to x as n tends to
infinity. For small r > 0 consider n sufficiently large so Br(xn) ∩ ∂Ω is non-empty. Set
v(z) := u(z)− u(xn)− |z − xn|2
for  λ. Then v(xn) = 0 and ∆v ≥ 0 on Br(xn) ∩ Ωt. Thus by the maximum principle
applied to v on Br(xn) ∩Ωt we know there is a yn ∈ ∂(Br(xn) ∩Ωt) with v(yn) ≥ 0. Now
∂(Br(xn) ∩ Ωt) ⊂ ∂Ωt ∪ ∂Br(xn), and if yn ∈ ∂Ωt then u(yn) = 0, so v(yn) < 0 which is
absurd. Hence yn ∈ ∂Br(xn), so in fact |yn − xn| = r and v(yn) ≥ 0 becomes
u(yn) ≥ u(xn) + r2.
Letting n tend to infinity and taking a subsequence, we deduce there exists a y ∈ X
satisfying (5.6) as claimed.
We next claim there exists a c ∈ (0, 1) such that for any sufficiently small r > 0 there
exists a y ∈ Br(x) and
(5.7) Bcr(y) ⊂ Ωt.
To see this let y be as in (5.6). The Lipschitz bound on ∇u near ∂Ωt, and the fact that
u ≡ 0 and ∇u ≡ 0 on ∂Ωt implies that there is a bound of the form |∇u(z)| ≤ Mr for
dist(z, ∂Ωt) ≤ r. Thus if |z − y| < cr we have
u(z) ≥ u(y)−Mcr2 ≥ (−Mc)r2
which is strictly positive as long as we take c < M/. Thus Bcr(y) ⊂ Ωt proving (5.7).
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So, letting |A| denote the Lebesgue measure of a set A, this implies
|Br(x) ∩ ∂Ωt| ≤ |Br(x)| − |Bcr(y)| = O((1− c2)r2).
Thus the Lebesgue density of ∂Ω at the point z satisfies
δ(x) := lim
r→0
|Br(x) ∩ ∂Ωt|
|Br(x)| < 1.
But the Lebesgue Density Theorem [105, Theorem 5.3.1] says δ(y) = 1 for almost all point
y ∈ ∂Ω, and thus ∂Ω must have measure zero as claimed. 
Corollary 5.14. For all t ∈ [0, 1) it holds that
(5.8) ωψt = (1− χΩt)ω + tδz0 .
In particular
(5.9)
∫
Ωt
ω = t.
Proof. Since ψt is C1,1, ωψt is absolutely continuous with respect to ω, thus ∂Ωt having
zero measure with respect to ω means the same is true for ωψt . We thus get
ωψt = χΩtωψt + (1− χΩt)ωψt .
We have already seen ωψt = δz0 on Ωt. By definition ψt = 0 on Ω
c
t and hence on (Ω
c
t)
◦.
As this set is open ddcψt = 0 there, giving
(1− χΩt)ωψt = (1− χΩt)ω.
Again using that ∂Ωt has zero measure yields
(1− χΩt)ω = (1− χΩt)ω
and hence (5.8). The second statement follows from this as∫
X
ω =
∫
X
ωψt =
∫
X
((1− χΩt)ω + tδz0) =
∫
Ωct
ω + t.

We end this section with a final convexity property satisfied by the Hele-Shaw envelopes.
Although simple, it is essential in ensuring no information is lost when we later take the
Legendre transform.
Lemma 5.15 (Convexity). For any given z the function t 7→ ψt(z) is concave, decreasing
and continuous in t.
Proof. It is clear ψt is concave in t since if t = at1 + (1 − a)t2 where a ∈ [0, 1) and
t1, t2 ∈ [0, 1] then
aψt1 + (1− a)ψt2 ≤ ψt
simply because the left hand side is clearly in Sh(X,ω), has at least Lelong number t at
z0 and is bounded above by 0. That ψt(z) decreases with t is obvious, and this implies
limt→s− ψt is ω-subharmonic and thus one sees
lim
t→s−ψt = ψs,
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i.e. ψt is left-continuous in t. Combined with concavity this implies continuity. 
5.4. Basic properties of the Hele-Shaw flow in the plane. We will also want to
discuss the weak Hele-Shaw on the plane. So suppose in this section X = C and z0 is the
origin. Our Ka¨hler metric ω can then be written as
ω = ddcφ
for some smooth function φ : C → R. We assume throughout the growth condition that
for all t > 0
(5.10) φ(z) ≥ t ln |z|2 +O(1) for |z|  0
So, for example, this clearly holds for the standard Ka¨hler metric on C for which φ(z) =
|z|2.
We are not assuming that the plane has finite area with respect to ω, and so we need to
add a word as to why the basic properties of the Hele-Shaw flow from the previous section
continue to hold. Given any t > 0 consider the function
αt = t ln |z|2 − φ.
Clearly αt ∈ Sh(C, ω) and ωαt = tδ0 and ν0(αt) = t. On the other hand the growth
condition (5.10) implies αt is bounded as |z| tends to infinity, so subtracting a constant
we may suppose αt ≤ 0. Thus we may use αt to replace the function provided by Lemma
5.5. Using this one can check the proofs of the basic properties of the Hele-Shaw envelope
go through essentially unchanged and give the following.
Proposition 5.16 (Basic Properties of the weak Hele-Shaw flow in the Plane). Still
assuming the growth condition (5.10) holds, for all t > 0 we have (1) ψt ∈ Sh(C, ω) is
locally bounded away from z0 (2) ν0(ψt) ≥ t (3) ψt ∈ C1,1(C\{0}) (4) ωψt = (1−χΩt)ω+tδ0
(5)
∫
Ωt
ω = t (6) Ωt is open, connected, contains the origin and ∂Ωt has measure zero.
Furthermore, analogs of the monotonicity and locality statements (Lemma 5.8 and
Corollary 5.9) hold; precise statements are left to the reader. Of course one can relate the
planar case and the compact case by thinking of C ⊂ P1 in the standard way. Given any
large R one can find a Ka¨hler form ω˜ on P1 that agrees with ω on the ball S := {|z| < R}.
Then, with an argument as in the proof of the monotonicity statement (Lemma 5.8) if
one assumes the weak Hele-Shaw flow domains Ωt and Ω˜t induced by ω and ω˜ respectively
are both are relatively compact in S, then Ωt = Ω˜t. In this way one easily passes from
statements about the Hele-Shaw on the plane to corresponding statements on P1.
5.5. Bibliographical remarks. For a much more comprehensive survey on the Hele-
Shaw flow, which also goes under the name of Laplacian-growth, the reader is referred
to the book of Gustafsson-Teodorescu-Vasil‘ev [58] which also serves as a guide to the
vast literature. A difference between what is written here is that we have been working
on a compact Riemann surface endowed with a Ka¨hler form, whereas the more classical
treatment involves the complex plane, usually with the standard Euclidean structure.
However this has little effect, and essentially all the fundamental results from the Hele-
Shaw theory carry over without difficulty. The point of view of the Hele-Shaw flow on
Riemann surfaces was taken up by Hedenmalm-Shimorin [60] and Hedenmalm-Olofsson
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[59], who emphasise particularly the case of simply connected Riemann surfaces, and it is
from these papers that several of the basic properties above are taken. The case of the
flow on non-simply connected compact Riemann surfaces has been studied more recently
by Skinner [114].
One can ask for more information about the structure of the boundary ∂Ωt. At least
when X = C and the background metric is real analytic, it is know this boundary consists
of a finite number of real simple analytic curves having a finite number of double and cusp
points (see [24, 60] as well as the work of Sakai [106, 107, 108, 109, 110]).
Constructions similar to the Hele-Shaw envelope are abundant in (pluri)potential the-
ory (as we have seen they show up in the Perron-Bremermann envelope and pluricomplex
Green function) and sometimes go under the name of “extremal envelopes” (see, for ex-
ample [34, 53, 72, 73, 74, 75, 92, 93, 94, 95]).
Lemma 5.10 casts the Hele-Shaw envelope ψt in the framework of variational inequalities
and obstacle problems which is a subject in its own right (see, for instance [20, 46, 63,
84]). Perhaps the most important property of ψt we have discussed is its C1,1 regularity
(sometimes called “optimal regularity”), from which we deduced both ∂Ωt has measure
zero and a formula for ωψt (in fact for this second statement, at least, one can get away
with slightly less regularity). Both of these results originate with the work of Caffarelli-
Kinderlehrer [20] and Caffarelli-Rivie`re [24] who restrict attention, for the most part, to
domains in Rn (although given Lemma 5.11 it may well be possible that their techniques
can be used to prove Theorem 5.12). Regularity of related envelopes, especially in higher
dimensions, has been taken up in many places, for instance [6, 7, 12, 33, 37, 100, 119].
The radially symmetric case from Example 5.3 can be generalised to toric manifolds,
which was considered by Shiffman-Zelditch [113] and Pokorny-Singer [91]. There appear
to be many different names for the domain Ωt and its complement. In [113] the analog
of Ωt is called the “forbidden region”. The complement X \ Ωt is called the “equilbrium
set” by Berman [7] and in the theory of variational inequalities and obstacle problems ∂Ωt
sometimes goes under the name of “free boundary” and X \ Ωt goes under the name of
“coincidence set” (e.g. [63, Definition 6.8]).
6. The Duality Theorem
We are now ready to connect the weak Hele-Shaw flow to the HMAE. We continue with
X being a compact connected Riemann-surface with distinguished point z0 and back-
ground Ka¨hler form ω normalised so
∫
X ω = 1.
6.1. Another HMAE. Let piX : X × D→ X and piD : X × D→ D be the projections.
Definition 6.1. Set
(6.1) Φ˜ := sup
{
Ψ ∈ Psh(X × D, pi∗Xω) : limsupζ→ζ′ Ψ(ζ) ≤ 0 for ζ ′ ∈ X × ∂D
and ν(z0,0)(Ψ) ≥ 1
}
.
In the above, if τ is the standard coordinate on D and z a holomorphic coordinate on
X defined near z0 the Lelong number condition ν(z0,0)(Ψ) ≥ 1 means that for all c < 1,
Ψ(z, τ) ≤ c ln(|z − z0|2 + |τ |2) +O(1) for (z, τ) near (z0, 0).
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Clearly Φ˜ is analogous to the pluricomplex Green function discussed in §3.3. The reason
for us introducing this function is it is the weak solution for the following HMAE:
Proposition 6.2. The function Φ˜ lies in Psh(X ×D, pi∗Xω), is locally bounded away from
(z0, 0) and solves
MApi∗Xω(Φ˜) = 0 on X × D \ {(z0, 0)}(6.2)
ν(z0,0)(Φ˜) ≥ 1(6.3)
lim
|τ |→1
Φ˜(z, τ) = 0.(6.4)
Furthermore
(6.5) Φ˜(z, τ) = Φ˜(z, eiθτ) for all (z, τ) ∈ X × D and θ ∈ R.
Proof. We give a sketch proof. Observe first both ln |τ |2 and the function α(z) from
Lemma 5.5 are candidates for the envelope defining Φ˜, which implies it is locally bounded
away from (z0, 0) and ln |τ |2 ≤ Φ˜(z, τ). On the other hand the maximum principle applied
to the slices {z} × D shows that Φ˜ ≤ 0 over X × D, giving (6.4)
For (6.3) it is convenient to consider the blowup p : Y → X × D at the point (z0, 0)
which has an exceptional divisor we denote by E. Suppose pi∗Xω + dd
cΨ ≥ 0 satisfies
Ψ ≤ c(ln |z − z0|2 + |τ |2) + O(1) near (z0, 0). Then E is covered by open subsets U on
which E is the zero set of some holomorphic function u say, so that p∗Ψ|U ≤ c ln |u|2+O(1).
Then similar to the proof of Proposition 5.4(3c), one can use the maximum principle to
deduce in fact p∗Ψ|U ≤ c ln |u|2 +O(1) (and thus Ψ ≤ c ln(|z − z0|2 + |τ |2) +O(1)) for an
O(1) term that is independent of Ψ. We leave the details to the reader.
The fact that Φ˜ solves the claimed HMAE is as in the Perron-Bremermann envelope.
Finally (6.5) is a consequence of the previous statements, since if θ is fixed then Φ˜(z, eiθτ)
is a candidate for the envelope defining Φ˜. 
It is convenient to extend the domain of definition of Φ˜. By (6.5) for fixed z ∈ X, the
function Φ˜(z, e−s/2) is independent of the imaginary part of s, and is subharmonic. Thus
we can think of Φ˜(z, e−s/2) as a convex function of s ∈ [0,∞). If we set
Φ˜(z, e−s/2) = +∞ for s < 0
then Φ˜(z, e−s/2) is a convex function for all s ∈ R.
Theorem 6.3 (Duality Theorem, Ross-Witt Nystro¨m [102]). The weak solution Φ˜(z, τ) to
the HMAE and the Hele-Shaw envelopes ψt(z) are related by a Legendre transform. That
is,
(6.6) ψt(z) = inf|τ |>0
{Φ˜(z, τ)− (1− t) ln |τ |2}
and
(6.7) Φ˜(z, τ) = sup
t
{ψt(z) + (1− t) ln |τ |2}.
Proof. For t ∈ [0, 1] consider
αt(z, τ) := ψt(z) + (1− t) ln |τ |2 for (z, τ) ∈ X × D.
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Clearly αt ≤ 0 and pi∗Xω + ddcαt = pi∗Xωψt ≥ 0. Also as νz0(ψt) ≥ t,
αt(z, τ) ≤ t ln |z − z0|2 + (1− t) ln |τ |2 +O(1) ≤ ln(|z − z0|2 + |τ |2) +O(1).
Thus αt is a candidate for the envelope defining Φ˜ giving
(6.8) ψt(z) ≤ Φ˜(z, τ)− (1− t) ln |τ |2.
On the other hand if t > 1 then ψt ≡ −∞ and if t < 0 then Φ˜(z, τ) − (1 − t) ln |τ |2 ≥
Φ˜(z, τ)− ln |τ |2 ≥ 0 = ψt(z). Hence (6.8) holds for all t ∈ R, and taking the infimum over
all |τ | > 0,
ψt(z) ≤ inf|τ |>0{Φ˜(z, τ)− (1− t) ln |τ |
2}.
For the other inequality, since Φ˜(z, τ) is independent of the argument of τ , it follows from
Kiselman’s minimum principle [65] that
ψ˜t(z) := inf|τ |>0
{Φ˜(z, τ)− (1− t) ln |τ |2}
is in Sh(X,ω). We wish to show ψ˜t is a candidate for the envelope defining ψt.
First, using (6.4) and letting τ → 1 gives ψ˜t ≤ 0. We claim νz0(ψ˜t) ≥ t. To see this,
recall we are thinking of Φ˜(z, e−s/2) as a convex function in s ∈ [0,∞). So for a fixed z
(6.9) ψ˜t(z) = inf
s≥0
{Φ˜(z, e−s/2) + (1− t)s}.
Now Φ˜ has Lelong number at least 1 at (z0, 0). So for any c < 1 there is a constant C
such that
(6.10) Φ˜(z, τ) ≤ c ln(|z − z0|2 + |τ |2) + C = c ln(|z − z0|2 + e−s) + C
for (z, τ) near (z0, 0). Combining with (6.9) yields
(6.11) ψ˜t(z) ≤ c inf
s≥0
{ln(e−s + |z − z0|2) + (1− t)s}+ C.
By elementary means one easily checks if t ∈ (0, 1) the infimum of ln(e−s + |z − z0|2) +
(1− t)s is attained when e−s = 1−tt |z− z0|2 and at this point the right hand side of (6.11)
is equal to
c(t ln |z − z0|2 − (1− t) ln(1− t)− t ln t) + C.
Hence ψ˜t(z) ≤ ct ln |z−z0|2 +O(1) for z near z0. Since this holds for all c < 1 we conclude
νz0(ψ˜t) ≥ t for t ∈ (0, 1). For t = 0 one notes ln |τ |2 is a candidate for the envelope
defining Φ˜, so ln |τ |2 ≤ Φ˜, which gives ψ˜0 = infs≥0{Φ˜(z, e−s/2) + s} ≥ 0 and hence in fact
ψ˜0 = 0 = ψ0. For t = 1, observe ψ˜1(z) ≤ Φ˜(z, 0) ≤ ln |z − z0|2 +O(1) so νz0(ψ˜t) ≥ 1. For
t < 0 then certainly νz0(ψ˜t) ≥ t, and thus we conclude for t ≤ 1 that ψ˜t is a candidate
for the envelope defining ψt, and thus ψ˜t = ψt. Finally for t > 1 by taking s→∞ in the
definition of ψ˜t it is immediate ψ˜t ≡ −∞ and so ψ˜t = ψt for all t giving (6.6).
After some rearranging, we have shown
−ψt(z) = sup
s∈R
{ts− (Φ˜(z, e−s/2) + s)},
i.e. that −ψt(z) is the Legendre transform of u(s) := Φ˜(z, e−s/2) + s. So, the second
statement follows from the first by the involution property of the Legendre transform. In
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fact, we can see that u(s) is convex and lower semicontinuous (since it is continuous on
[0,∞) and constantly −∞ on (−∞, 0)). Thus by the Fenchel-Moreau Theorem (see e.g.
[97]) u(s) is the Legendre transform of −ψt(z) which is (6.7)). 
Remark 6.4. Thinking of Φ˜ as a solution to the HMAE over the punctured disc, we
can interpret it as a weak geodesic ray in the space of Ka¨hler potentials K(X,ω). We
have seen that Φ˜(z, τ) depends only on the absolute value of τ , and so using the variable
s = − log |τ | the potentials Φ˜(z, e−s) for s ∈ [0,∞) give a weak geodesic ray in this space,
starting at the potential that is identically zero when s = 0. In the limit as s → ∞, this
ray ends up with a singular potential on X that puts all of its mass at the distinguished
point z0 (and so it is these geodesic rays that are related through a Legendre transform
to the Hele-Shaw flow). In previous work of Donaldson [43], a different free boundary
problem is related, again through a Legendre transform, to the HMAE over the annulus,
and thus to weak geodesic segments in K(X,ω).
6.2. Connection with the Hele-Shaw domains. So far we have related the solution Φ˜
to the HMAE with the Hele-Shaw envelopes, and now we connect it to the weak Hele-Shaw
domains.
Definition 6.5. Let H : X × D× → R be defined by
(6.12) H(z, τ) :=
∂
∂s+
Φ˜(z, e−s/2)
where s := − ln |τ |2.
Here the notation means we are taking the right derivative, which by by convexity of
s 7→ H(z, e−s/2) always exists. Our reason for introducing this function is that it records
the time at which the weak Hele-Shaw flow arrives at a given point in X.
Proposition 6.6.
H(z, 1) + 1 = sup{t : ψt(z) = 0} = sup{t : z /∈ Ωt}.
Proof. From (6.7) if ψt(z) = 0 then
Φ˜(z, e−s/2) ≥ (t− 1)s
where as always s = − ln |τ |2, and thus by convexity
H(z, 1) ≥ t− 1.
For the other direction, suppose ψt(z) = a for some a < 0. Recalling for a fixed z the
function t′ 7→ ψt′(z) is concave and decreasing in t′, one sees that for t ≤ t′ ≤ 1 and
s ≥ 0 we have ψt′(z) + (t′ − 1)s ≤ a. On the other hand ψt′ ≤ 0 so if 0 ≤ t′ ≤ t then
ψt′(z) + (t
′ − 1)s ≤ (t− 1)s. Putting this together with (6.7) gives
Φ˜(z, e−s/2) ≤ max((t− 1)s, a)
and so H(z, 1) ≤ t− 1, which proves the proposition. 
As an application we are able to give the following statement about the movement of
the boundary of the Hele-Shaw flow. By means of notation, for any S ⊂ X and r > 0 let
S +Br = {z ∈ X : d(z, z′) < r for some z′ ∈ S}
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where d denotes a fixed distance function on X (for instance we could take the geodesic
distance with respect to the background Ka¨hler metric determined by ω).
Corollary 6.7.
(1) Assume that H(·, 1) is continuous. Then the boundary of the weak Hele-Shaw flow
is strictly increasing. That is, if z ∈ ∂Ωt for some t > 0 then z ∈ Ωt′ for all t′ > t.
(2) Assume that H(·, 1) is moreover Lipschitz. Then there is a lower bound on the
rate of increase of the weak Hele-Shaw flow. That is, there exist a δ > 0 such that
for all 0 < t < t′ < 1
Ωt +Bδ(t−t′) ⊂ Ωt′ .
Proof. We start with the first statement. Let z ∈ ∂Ωt and (zn)n∈N be a sequence of points
in Ωt tending to z as n tends to infinity. Fixing n we then have zn ∈ Ωs for all s ≥ t and
so
H(zn, 1) + 1 ≤ t.
By continuity of H(·, 1) this implies
H(z, 1) + 1 ≤ t
and so if t′ > t we must have z ∈ Ωt′ as desired.
For the second statement, let C be the Lipschitz constant of H(·, 1), so
|H(z, 1)−H(z˜, 1)| ≤ Cd(z, z˜) for all z, z˜ ∈ X,
and set δ = C−1. Fix t′ > t and z ∈ Ωt + Bδ(t′−t). Then there exists z′ ∈ Ωt with
d(z, z′) < δ(t′− t). As z′ ∈ Ωt we clearly have H(z′) + 1 ≤ t. On the other hand if z /∈ Ωt′
then H(z) + 1 ≥ t′ giving
t′ − t ≤ H(z)−H(z′) ≤ Cd(z, z′) < Cδ(t′ − t) = t′ − t
which is absurd. Hence we must have z ∈ Ωt′ as required. 
Remark 6.8. Of course if Φ˜ lies in C1,1(X × Σ) then H will be Lipschitz. We will see
in the next section that this always holds when X = P1, and expect that Φ˜ should be at
least C1,α for all α < 1 when X is a general compact Riemann surface.
Even in the case when X = P1 Corollary 6.7 is new (as far as we are aware). Heden-
malm-Shimorin have a similar statement [60, Proposition 3.2] but under the hypothesis Ωt
is simply connected along with some regularity assumptions about ∂Ωt. The proof above
rests on regularity of Φ˜, and it would be interesting to compare this with a proof (if one
exists) that uses only one-dimensional techniques such as those from §5.
6.3. Twisting. We end this section by discussing a certain “twisting” technique that
applies when X = P1 to show the quantity Φ˜ we have been considering can be expressed
in a different way without the condition on the Lelong number. We have two motivations
for wanting to do this. First, the new formulation solves the classical version of the HMAE
as discussed in the introduction, and thus this twisting relates it also to the Hele-Shaw
flow. Second, we can use known regularity results about this version of the HMAE to
conclude regularity of Φ˜.
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The necessity of restricting to P1 is that we will make use of the existence of a global
holomorphic S1-action. Consider P1 covered by two copies of C in the standard way with
coordinates z and w = 1/z. For non-zero τ ∈ D the map
ρτ : P1 → P1 given by f(z) = τz
is a biholomorphism fixing z0. Restricting to those ρτ with |τ | = 1 gives a global holomor-
phic S1-action.
Now ρ∗τω lies in the same cohomology class as ω and hence we can write
ρ∗τω = ω + dd
cφτ
for some smooth function φτ on X. By choosing these to be normalised by requiring∫
X φτω = 0, the φτ are uniquely defined and
(6.13) φ(z, τ) := φτ (z)
is a smooth function on X × D×.
From now on, let Φ be the Perron-Bremermann envelope on X×D with boundary data
φ. Thus
(6.14) Φ := sup
{
Ψ ∈ Psh(X × D, pi∗Xω) : limsupζ→ζ′ Ψ(ζ) ≤ φ(ζ ′) for ζ ′ ∈ X × ∂D
}
.
So the difference between Φ˜ and Φ is the latter is taken with respect to the “twisted”
boundary data (z, τ) 7→ φ(z, τ), but does not have any condition on the Lelong number
at (z0, 0). The following simple Lemma gives the explicit relationship between these two
envelopes. It will be crucial later on when we wish to translate results about envelopes
over the punctured disc (which connects most naturally with the Hele-Shaw flow on X)
to analogous statements about envelopes over the unpunctured disc.
Lemma 6.9. We have
Φ(z, τ) = Φ˜(τz, τ) + φ(z, τ)− ln |τ |2 for (z, τ) ∈ P1 × D×.
Proof. Let β(z, τ) := Φ(τ−1z, τ) − φ(τ−1z, τ) + ln |τ |2. One easily checks if |τ | = 1 then
β(z, τ) = 0 and pi∗P1ω + dd
cβ ≥ 0 and also ν(z0,0)(β) ≥ 1. Hence β(z, τ) ≤ Φ˜(z, τ) giving
one inequality, and the other is proved similarly. 
Theorem 6.10. When X = P1 the envelope Φ˜ is C1,1 on P1 × D×.
Proof. From the work of Chu-Tossati-Weinkove (Theorem 4.3) we have Φ is C1,1 over X×D
(we could also use the work of B locki [18] as P1 has nonnegative bisectional curvature so
[18, Theorem 1.4] applies). Thus the desired statement for Φ˜ follows from Lemma 6.9. 
Remark 6.11. It seems likely on a general compact Riemann surface that Φ also satisfies
some regularity, and should be at least C1,α for any α < 1. Our reason for saying this
is Φ is describing a weak geodesic ray in the space of Ka¨hler potentials on X, and such
regularity is known to hold for many related geodesic rays, such as those considered by
Phong-Sturm [90].
Remark 6.12. A point c lying on the boundary ∂Ωt of the Hele-Shaw domain for t in
some non-trivial interval is referred to as a stationary point. Theorem 6.10 combined
with Corollary 6.7(1) imply that the Hele-Shaw flow on P1 with a smooth area form and
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empty initial condition never develops any stationary points (as far as we are aware this
statement in the smooth case is new).
7. Harmonic discs
We return now to the case of a general compact Riemann surface X with Ka¨hler form
ω. The next theorem describes precisely the proper harmonic discs of the weak solution
to the HMAE in terms of the Riemann map of those weak Hele-Shaw domains that are
simply connected.
As above consider
(7.1) Φ˜ := sup
{
Ψ ∈ Psh(X × D, pi∗Xω) : limsupζ→ζ′ Ψ(ζ) ≤ 0 for ζ ′ ∈ X × ∂D
and ν(z0,0)(Ψ) ≥ 1
}
.
Definition 7.1. We say the graph of a holomorphic f : D→ X is a proper harmonic disc
for Φ˜ if pi∗Xω + dd
cΦ˜ vanishes along the graph of f away from the origin, or said another
way Φ˜(f(τ), τ) is f∗ω-harmonic on D×.
Theorem 7.2 (Regularity Theorem, Ross-Witt Nystro¨m [102]). The graph of a holomor-
phic f : D→ X is a proper harmonic disc of Φ˜ if and only if either
(1) f is the constant map f(τ) = z0 for all τ ∈ D (where z0 is our given distinguished
point in X)
(2) For some t the weak Hele-Shaw domain Ωt for ω is simply connected and f : D→
Ωt is a biholomorphism (i.e. a Riemann map) with f(0) = z0.
(3) f is the constant map f(τ) = z′ for all τ ∈ D, for some fixed z′ ∈ X \ Ω1.
Moreover in the first case H(f(τ), τ) ≡ −1, in the second case H(f(τ), τ) ≡ t− 1 and in
the third H(f(τ), τ) ≡ 0.
Remark 7.3. More generally we would say that a proper holomorphic curve g : Σ→ X×D
is a proper harmonic curve of Φ˜ if Φ˜ ◦ g was (piX ◦ g)∗ω harmonic except at g−1(z0, 0).
But it is not hard to see that any such g would have to be a composition of one of the
proper harmonic discs described in Theorem 7.2 with a finite cover of the unit disc, so in
particular having the same image.
Before the proof we need the following statement:
Lemma 7.4. Fix 0 < |τ | < 1. Then
H(z, τ) = t− 1 ⇐⇒ Φ˜(z, τ) = ψt(z) + (1− t) ln |τ |2.
Proof. Fix a point z ∈ X and 0 < |τ0| < 1 and let s0 = − ln |τ0|2. From the Duality
Theorem (6.7)
Φ˜(z, τ0) = sup
t
{ψt(z) + (1− t) ln |τ0|2}.
Now ψt(z) is continuous in t (Lemma 5.15), so for some t
Φ˜(z, τ0) = ψt(z) + (1− t) ln |τ0|2 = ψt(z)− (1− t)s0.
On the other hand, we certainly have
Φ˜(z, e−s/2) ≥ ψt(z)− (1− t)s for all s.
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So the slope of the convex function Φ˜(z, e−s/2) at the point (s0, Φ˜(z, e−s0/2)) is equal to
the slope of the linear function s 7→ ψt(z)− (1− t)s, which is clearly t− 1. Hence
H(z, τ0) =
∂
∂s+ |s=s0
Φ˜(z, e−s/2) = t− 1,
which is enough to prove the lemma. 
Proof of Theorem 7.2. We shall prove if the graph of f is a proper harmonic disc for Φ˜
then it is of one of the three forms in the statement of the theorem. Fix some τ0 ∈ D×
and set
t0 = H(f(τ0), τ0) + 1.
We claim
(7.2) ψt0(f(τ)) + (1− t0) ln |τ |2 = Φ˜(f(τ), τ) for all τ ∈ D.
To see this, consider
α(τ) := ψt0(f(τ)) + (1− t0) ln |τ |2 − Φ˜(f(τ), τ) for τ ∈ D.
Then α is subharmonic (since Φ˜ is pi∗Xω-harmonic along {(f(τ), τ) : τ 6= 0}), satisfies
α ≤ 0 by the Duality Theorem (6.7) and α(τ0) = 0 by Lemma 7.4. If f(0) 6= 0 then Φ˜
is pi∗Xω-harmonic even over {(f(τ), τ) : τ ∈ D} and so (7.2) follows from the maximum
principle. If f(0) = 0 then by looking at the Lelong number, α extends over τ = 0 and
the maximum principle still applies to give (7.2). In particular Lemma 7.4 combined with
(7.2) implies H(f(τ), τ) ≡ t0 − 1 for all τ 6= 0, giving the last statement of the theorem.
Suppose now that f is non-constant. We shall show f is as in case (2) of the statement,
by first proving the image of f lies in Ωt0 and then proving it is a biholomorphism taking 0
to z0. Observe if Φ˜(f(τ), τ) is f
∗pi∗Xω harmonic on a neighbourhood of some τ
′ ∈ D, then
(7.2) implies ψt0 is ω-harmonic on a neighbourhood of f(τ
′). But Corollary 5.14 implies
(7.3) ωψt = (1− χΩt)ω + tδz0 .
so this in turn implies f(τ ′) ∈ Ωt0 .
By hypothesis, Φ˜(f(τ), τ) is f∗pi∗Xω harmonic on a neighbourhood of any non-zero
τ ′ ∈ D, so f(τ ′) ∈ Ωt0 for all τ ′ 6= 0. In particular Ωt0 is non-empty, so we must have
t0 > 0 and so z0 ∈ Ωt0 by Corollary 5.7. If f(0) = z0 then f(0) ∈ Ωt0 . On the other
hand, if f(0) 6= z0 then Φ˜(f(τ), τ) is f∗pi∗Xω-harmonic on a neighbourhood of 0 ∈ D, giving
f(0) ∈ Ωt0 . Thus in either case f(0) ∈ Ωt0 , and hence the image of f lies in Ωt0 as claimed.
We next prove f is proper. To see this let τi be a sequence in D such that |τi| → 1 as
i→∞. Then by (7.2) and then (6.4)
lim
i→∞
ψt0(f(τi), τi) = lim
i→∞
Φ˜(f(τi), τi)− (1− t0) ln |τi| = 0.
But Ωt0 is exhausted by the compact sets {z : ψt0(z) ≤ −1/n} for n ∈ N and f(τi) escapes
to infinity in Ωt0 . Thus f is proper as claimed.
Next we show the preimage S := f−1(z0) is precisely the point 0 with multiplicity one.
Given this, the fact that f is a biholomorphism with f(0) = z0 follows from a standard
argument with the winding number (Lemma 7.5). Observe f(τ) 6= z0 for any τ 6= 0, since
otherwise the right hand side of (7.2) would be −∞ whereas the left hand side is finite. If
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f(0) 6= z0 then S would be empty, which is absurd by Lemma 7.5. So we conclude z0 ∈ S
with some multiplicity m ≥ 1. Using (7.2) once again
ψt0(f(τ)) + (1− t0) ln |τ |2 = Φ˜(f(τ), τ) ≥ ln |τ |2.
Clearly ψt0(f(τ)) has Lelong number mt0 at 0, so the left hand side has Lelong number
mt0 +(1− t0) at 0. By the right hand side has Lelong number 1, giving mt0 +(1− t0) ≤ 1,
so m = 1. So in conclusion we have shown if f is not-constant then f is of the form case
(2).
Suppose now f ≡ z′ is constant. If z′ = z0 then f is as in case (1). Otherwise z′ 6= z0,
and so Φ˜(f(τ), τ) is f∗pi∗Xω-harmonic even near τ = 0. Again (7.2) gives
Φ˜(z′, τ) = ψt0(z
′) + (1− t0) ln |τ |2 for τ ∈ D.
But this implies t0 = 1, else otherwise the right hand side takes the value −∞ at the point
τ = 0, whereas the left hand side is finite. Letting τ → 1 and using (6.4)
ψ1(z
′) = lim
τ→1
Φ˜(z′, τ) = 0
and hence z′ ∈ Ω1, implying f is as in case (3).
The converse, namely that each of the three listed functions, are proper harmonic discs
is easier and is left to the reader. 
Lemma 7.5. If f : D1 → D2 is a proper holomorphic map between two open domains in
P1 then the number of preimages Np := #{f−1(p)} (counted with multiplicity) is constant.
Proof. Let γ be a smooth curve in D2 connecting two points p and q and let U be a
finite union of open discs compactly supported in D1 which together cover the compact
set f−1(γ). Since the image of any boundary component of U cannot cross γ the winding
numbers of the image of any such boundary component with respect to p and q must be the
same. Since that winding number counts the number of preimages inside that component
we get by adding up the winding numbers for the different boundary components that
Np = Nq. 
From this we get a description of all the proper harmonic discs for a more classical
version of the HMAE, at least when X = P1.
Corollary 7.6. Let X = P1. Then the graph of g : D → P1 is a proper harmonic disc
for the weak solution to the HMAE over X × D with boundary data φ(z, τ) from (6.13)
if and only if either (1) g is the constant map g(τ) = z0 for all τ ∈ D or (2) for some
t the weak-Hele shaw domain Ωt for ω is simply connected and the map τ 7→ τg(τ) is a
Riemann-map from D to Ωt taking 0 to z0 or (3) g(τ) = τ−1z′ for some fixed z′ ∈ Ω1.
Proof. This is immediate from Theorem 7.2, since Lemma 6.9 implies that the graph of f
is a harmonic disc for Φ˜ if and only if the graph of g(τ) = τ−1f(τ) is a harmonic disc for
Φ. 
Example 7.7. The above may be used to produce examples of boundary conditions for
the HMAE over the (punctured) disc for which the weak solution to the HMAE is regular.
For suppose X = P1 with coordinate z ⊂ C ⊂ P1 and Ωt for t ∈ (0, 1) is a smoothly
varying family of simply connected domains with the property that Ωt is a symmetric disc
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around z = 0 with area equal to t (taken with respect to the Fubini-Study form ωFS) for
t <  and t > 1 − . We will see in §9.1 that {Ωt}t∈(0,1) is the weak Hele-Shaw flow with
respect to some Ka¨hler form ωFS + dd
cφ where φ ∈ K(X,ωFS). Thus Theorem 7.2, the
weak solution to the HMAE with boundary data determined by φ will be regular (the
reader will find essentially the same example in [42]).
We next discuss an interesting link between the Riemann map, the Hele-Shaw flow and
the family of forms coming from the solution Φ˜ to the HMAE. Continue to assume X = P1,
z0 is the origin in the chart Cz ⊂ P1, and for each τ ∈ D× set
ωτ := ω + dd
cΦ˜(·, τ).
Then ω1 = ω, but in general ωτ is a semipositive (1, 1)-current on X (not necessarily
smooth). One can define the weak Hele-Shaw flow with respect to such ωτ in precisely the
same way as the smooth case, and we denote the associated Hele-Shaw domains by Ωωτt .
For r > 0 set Dr = {z ∈ C : |z| < r}.
Proposition 7.8. Suppose t is such that Ωωt ⊂ Cz ⊂ P1 is proper and simply connected
and let ft : D→ Ωωt be a Riemann-map with f(0) = 0. Then for each τ ∈ D×
Ωωτt = ft(D|τ |).
Proof. Fix σ ∈ D× and set r := |σ|, so our aim is to show ft(Dr) = Ωωσt . As Φ˜ is invariant
under (z, τ) 7→ (z, eiθτ) (6.5) we may as well assume σ is real, so ωσ = ωr.
For a function F on P1×D and D ⊂ D we write F |D for the restriction of F to P1×D.
Then Φ˜|Dr is the solution to the Dirichlet problem for the HMAE with boundary data
Φ˜(·, τ)τ∈∂Dr and the requirement that Φ˜|Dr has Lelong number 1 at the point (z0, 0) ∈
Cz × Dr ⊂ P1 × Dr.
Letting s := − ln |τ |2 consider again
H(z, τ) :=
∂
∂s+
Φ˜(z, e−s/2) for (z, τ) ∈ P1 × D×
which is well-defined and Lipschitz (Theorem 6.10). Clearly this is compatible with re-
striction, i.e.
H|D×r (z, τ) =
∂
∂s+
Φ˜|Dr(z, e−s/2).
By Theorem 7.2, Φ˜ is pi∗Xω-harmonic along the graph of f and H(f(τ), τ) = t− 1. Now
H is also S1-invariant and so this in particular implies
H(f(reiθ), r) = H(f(reiθ), reiθ) = t− 1 for all θ ∈ R.
In other words the function H(·, r) takes the value t − 1 on the boundary of f(Dr). On
the other hand Proposition 6.6 implies
H(z, r) + 1 = sup{s : z /∈ Ωωrs }
(we remark the proof of Proposition 6.6 does not require smoothness or strict positivity
assumptions of ωr). Thus Ω
ωr
t is the interior component of the curve θ 7→ f(reiθ) (that is,
the component containing the point z = 0), which gives Ωωrt = f(Dr) as claimed. 
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8. The Strong Hele-Shaw Flow
We turn next to the strong Hele-Shaw flow. Although it is certainly possible to consider
this on a general Riemann surface, for ease of exposition we shall consider only the case
of the complex plane. We will, however, take the flow with respect an arbitrary area
form, which generalises the classical case in which the plane is usually equipped with the
standard Euclidean structure.
8.1. Definitions. Let 0 < a < b < ∞ and suppose {Ωt}t∈(a,b) is a family of smoothly
bounded domains in C. By this we mean given any t0 ∈ (a, b) and any point p ∈ ∂Ωt0
there exists real coordinates x, y on an open set U ⊂ C containing p such that
∂Ωt0 ∩ U = {(x, y) : y = gt0(x)}
for some smooth function gt0 . We also assume this family is smooth, by which we mean
one can pick U so that gt is smooth in t for t close to t0. As a last assumption we assume
also Ωt is increasing, so Ωt ⊂ Ωt′ for t < t′.
So if n denotes the outward unit normal vector field n on ∂Ωt0 then for t close to t0 we
can write ∂Ωt = {x + f(x, t)nx : x ∈ ∂Ωt0} for some smooth function ft(x) = f(x, t) on
∂Ωt0 that is positive for t > t0 and negative for t < t0. The normal velocity of ∂Ωt0 is
defined to be
Vt0 :=
dft
dt
∣∣
t=0
n.
We will take the origin 0 as our distinguished point, and assume 0 ∈ Ωt for all t. For
each t let
pt(z) := −GΩt(z)
where GΩt denotes the Green’s function for Ωt with logarithmic singularity at the origin.
Thus
pt = 0 on ∂Ωt and ∆pt = −δ0.
The statement that pt exists and is smooth on Ωt \ {0} is classical. We also fix a smooth
area form on C which we write as
1
κ
dA
where dA = dx ∧ dy is the standard Lebesgue measure and κ is a strictly positive real-
valued smooth function on C.
Definition 8.1. (Strong Hele-Shaw flow) We say {Ωt}t∈(a,b) is the strong Hele-Shaw flow
if
(8.1) Vt = −κ∇pt on ∂Ωt for t ∈ (a, b)
where Vt is the normal velocity of ∂Ωt. When necessary to emphasise the dependence on
the area form we refer to this as the strong Hele-Shaw flow with respect to the area form
1
κdA (or with respect to κ).
The above has the following physical interpretation. Consider two parallel plates infinite
in all directions separated by a small gap. Suppose between these two plates is some porous
medium with varying permeability, and a fluid is injected into the gap through a fixed
point in one of the plates at a constant rate. As the gap between the plates is small, this is
essentially a two-dimensional flow that is modelled by the region Ωt that the fluid occupies
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at time t. We may as well assume the fluid is injected at the origin. Then the permeability
of the medium is encoded by a function κ : C → R+, so the fluid moves more freely in
the areas of the plane in which κ is relatively big. The function pt models the pressure of
the system, and we make some physical assumptions, namely the fluid is incompressible
(meaning pt is harmonic away from the origin) and the medium itself does not exert any
pressure on the system (meaning that pt is constant on the boundary, so after subtracting
a constant we may as well take to be zero). The equation of motion (8.1) for the strong
Hele-Shaw flow is then a case of Darcy’s law which describes the flow of a fluid through a
porous medium.
8.2. Strong implies weak. Our next goal is to prove the strong Hele-Shaw flow is also
a weak one. To do so, we start with a famous calculation due to Richardson [98].
Lemma 8.2. Suppose {Ωt}t∈(a,b) is a strictly increasing smooth family of simply connected
domains in C containing the origin that satisfies
(8.2) Vt = −κ∇pt on ∂Ωt
as in (8.1). Then for any integrable subharmonic function h on Ωt, and t0 < t∫
Ωt\Ωt0
h
dA
κ
≥ (t− t0)h(0).
Proof. We compute using the Reynolds transport theorem,
d
dt
∫
Ωt
h
1
κ
dA =
∫
∂Ωt
h
Vt
κ
ds = −
∫
∂Ωt
h
∂pt
∂n
ds(8.3)
=
∫
Ωt
(pt∆h− h∆pt) dA−
∫
∂Ωt
pt
∂h
∂n
ds ≥ h(0)
since ∆h ≥ 0 and pt = 0 on ∂Ωt and ∆pt = −δ0. 
Corollary 8.3. With the assumption of the above lemma, suppose a = 0 and Ωt tends
to {0} as t → 0 (i.e. given any neighbourhood U of the origin Ωt ⊂ U for t sufficiently
small). Then for any integrable subharmonic function h on Ωt,
(8.4)
∫
Ωt
h
dA
κ
≥ th(0)
and equality holds if h is harmonic. In particular∫
Ωt
ln |z − ζ|2 dAζ
κ(ζ)
= t ln |z|2 for z /∈ Ωt,(8.5) ∫
Ωt
ln |z − ζ|2 dAζ
κ(ζ)
> t ln |z|2 for z ∈ Ωt.(8.6)
Proof. Taking the limit as t0 → 0 in the above Lemma gives (8.4) The statement about
harmonic functions follows as if h is harmonic then h and −h are subharmonic. Equation
(8.5) follows as if z /∈ Ωt then h(ζ) := ln |z − ζ|2 is harmonic for ζ ∈ Ωt. If z ∈ Ωt then
∆ ln |z − ζ|2 = 2δz, so in Richardson’s calculation (8.3)
d
dt
∫
Ωt
h
1
κ
dA ≥
∫
Ωt
2ptδz + h(0) > h(0)
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from which one deduces the strict inequality in (8.6). 
Proposition 8.4 (Gustafsson). Suppose {Ωt}t∈(0,b) is a smooth family of strictly increas-
ing simply connected domains that is the strong Hele-Shaw flow with respect to κ, and
assume {Ωt}t∈(0,b) tends to {0} as t→ 0. Then the weak Hele-Shaw envelope with respect
to the Ka¨hler form
ω :=
1
κ
dA
is given by
ψt(z) = −
∫
Ωt
log |z − ζ|2 dAζ
κ(ζ)
+ t ln |z|2,
and {Ωt}t∈(0,b) is the weak Hele-Shaw flow with respect to ω.
Proof. For the proof let
ψ˜t(z) := −
∫
Ωt
log |z − ζ|2 dAζ
κ(ζ)
+ t ln |z|2
and write Ωwt := {z ∈ X : ψt(z) < 0} for the weak Hele-Shaw flow with respect to ω. So
the goal is to prove ψ˜t = ψt and Ω
w
t = Ωt
For large R let BR = {|z| < R} and set
φ(z) =
∫
BR
log |z − ζ|2 dAζ
κ(ζ)
for z ∈ C.
Then on BR, dd
cφ = ω and
ωψ˜t = dd
c(φ+ ψ˜t) = dd
c
∫
BR\Ωt
ln |z − ζ|2 dAζ
κ(ζ)
≥ 0.
As R can be arbitrarily large this implies ψ˜t ∈ Sh(C, ω). Clearly ν0(ψ˜t) = t and (8.5,8.6)
imply ψ˜t ≤ 0 with equality on Ωct . Thus ψ˜t is a candidate for the envelope defining the
Hele-Shaw envelope, so ψ˜t ≤ ψt giving Ωwt ⊂ Ωt. Now both ψt and ψ˜t have Lelong number
precisely t at the origin, the maximum principle implies ψt ≤ ψ˜t over Ωt, and so ψt = ψ˜t
everywhere, and Ωt ⊂ Ωwt follows from (8.6).

8.3. Weak and Smooth implies Strong. We now show if the weak Hele-Shaw flow is
smooth and smoothly varying, then it is in fact the strong Hele-Shaw flow.
Lemma 8.5. Suppose {Ωt}t∈(0,t0) is a smoothly varying family of bounded increasing do-
mains, such that for any function h that is harmonic on Ωt,
(8.7)
∫
Ωt
h
dA
κ
= th(0)
Then {Ωt}t∈(0,t0) is the strong Hele-Shaw flow with respect to κ.
Proof. This is Richardson’s calculation backwards. Let h be as in the statement. Then
using the hypothesis (8.7)
h(0) =
d
dt
∫
Ωt
h
dA
κ
=
∫
∂Ωt
h
Vt
κ
ds.
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On the other hand, just as in (8.3)
−
∫
∂Ωt
h
∂pt
∂n
ds =
∫
Ωt
(pt∆h− h∆pt) dA−
∫
∂Ωt
pt
∂h
∂n
ds = h(0).
Therefore ∫
∂Ωt
h
(
Vt
κ
− ∂pt
∂n
)
ds = 0
and since this holds for all such harmonic functions we must have
Vt
κ
=
∂pt
∂n
on ∂Ωt
making {Ωt}t∈(0,t0) the strong Hele-Shaw flow 
Corollary 8.6. Suppose for some t0 the weak Hele-Shaw domains {Ωt}t∈(0,t0) taken re-
spect to
ω :=
1
κ
dA
are bounded and smooth (i.e. each Ωt is smoothly bounded and varies smoothly and each
Ωt is bounded for t < t0). Then {Ωt}t∈(0,t0) is the strong Hele-Shaw flow with respect to
κ.
Proof. Let h be harmonic on Ωt. By Proposition 5.16(4), ωψt = (1 − χΩt)ω + tδ0, where
ψt is the Hele-Shaw envelope, giving∫
Ωt
h
dA
κ
=
∫
Ωt
hω = −
∫
Ωt
hddcψt + th(0) = th(0)
where the last equality uses Greens formula applied to a smooth domain containing Ωt on
which h is harmonic. Thus the result follows from Lemma 8.5. 
8.4. Bibliographical remarks. The weak and strong point of view for the Hele-Shaw
flow is a theme in the work of Gustafsson (e.g. [54, 55, 56]), and the reader interested
in more is referred again to [58]. Classically this flow is considered with respect to the
standard area form (Lebesgue measure), with a given initial domain Ω0. The first problem
then becomes proving short time existence of the Hele-Shaw flow, a result that goes back
to Kufarev–Vinogradov [120] who prove that for a simply connected initial domain with
real analytic boundary the strong Hele-Shaw flow (taken with respect to the standard
Lebesgue measure) exists for some interval both forwards and backwards in time. This
has then been reproved in various forms in [55, 81, 96, 118].
It is not really interesting to consider the case of empty initial condition in the classical
case, as then the flow consists simply of concentric discs centered at the origin. However, if
one allows a general area form, then the problem of short-term existence of the Hele-Shaw
flow with empty initial condition is non-trivial. Under the assumption that the area form
is analytic and hyperbolic this short term existence is due to Hedenmalm-Shimorin [60],
and when the area form is merely smooth by the authors [101]. That is, given an arbitrary
smooth area form, there exists an  > 0 such that the strong Hele-Shaw flow exists for
0 < t <  and tends to {0} as t tends to 0. Moreover, as long as  is sufficiently small,
each Ωt is smoothly bounded and simply connected. The proof that we give, and the only
one known at present, comes about through the connection between the Hele-Shaw flow
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and the Monge-Ampe`re foliation. First, using a form of Schwarz function, we interpret
a simply connected Hele-Shaw domain as a holomorphic disc with boundary in a totally
real submanifold (just as in Donaldson’s LS-submanifolds). This converts the short term
existence problem of the Hele-Shaw flow to a problem about deforming such holomorphic
discs, which is a well-known elliptic problem. The reader is referred to [101] for details.
Richardson’s calculation represents an important viewpoint of the Hele-Shaw flow (see
[57] for a survey). Putting h(z) = zk for k ∈ N≥1, equation (8.4) says that for the strong
Hele-Shaw flow the “complex moments”
Mk(t) :=
∫
Ωt
zk
dA
κ
are constant with respect to t. This illustrates the fundamental nature of the Hele-Shaw
flow. For assuming that κ is analytic and simply connected domain Ωt0 with analytic
boundary, the set {Mk(t)} form local coordinates for the set of analytic perturbations
of Ωt0 (that is, any nearby domain with analytic boundary is uniquely specified by its
complex moments). So any such flow starting at Ωt0 can, in principle, be described by its
change in complex moments. Thus the Hele-Shaw flow is the simplest among all possible
flows, and with this viewpoint it is not surprising that it appears in so many parts of pure
and applied mathematics.
9. Examples
We work throughout with X = P1 with Ka¨hler form ω normalised so
∫
P1 ω = 1. We
consider P1 covered by two copies of C with coordinates z and w = 1/z respectively (we
denote these two charts by Cz and Cw) and let z0 be the point z = 0. In each case we
will deduce information about the solution Φ˜ to the HMAE over the punctured disc. The
interested reader will easily be able to translate these to similar statements for the HMAE
over the disc using Lemma 6.9.
9.1. Flows developing self-tangency.
Definition 9.1. We say the Hele-Shaw for develops self-tangency at a point p ∈ Cz ⊂ P1
if there exists a t0 > 0 such that
(1) Ωt is smoothly bounded, simply connected and varies smoothly for t < t0 and
(2) Ωt0 is a simply connected in Cz and ∂Ωt0 is the image of a smooth locally embedded
curve intersecting itself tangentially precisely at the point p (see Figure 1).
Theorem 9.2 (Ross-Witt Nystro¨m). Suppose the Hele-Shaw flow for ω develops self-
tangency at p. Then the weak solution Φ˜ to the HMAE is not twice differentiable at the
points (p, τ) for |τ | = 1.
Rather than giving a full proof we illustrate this with an instructive example. Say (x, y)
are smooth coordinates centered at p, and that near p
Ωt = {y < −x2 − (t0 − t)} ∪ {y > x2 + (t0 − t)} for t0 < t.
Set
h(x, y) := H((x, y), 1)
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p
Ωt0
z0
Figure 1. The Hele-Shaw flow developing self-tangency I
where as usual
H(z, τ) :=
∂
∂s+
Φ˜(z, e−s/2),
and recall by Proposition 6.6
H(z, 1) + 1 = sup{t : z /∈ Ωt}.
Thus for |y| sufficiently small
h(0, y) =
{
t0 − y − 1 y > 0
t0 + y − 1 y < 0
and from this it is clear ∂h∂y does not exist at the origin, and so Φ˜ is not twice differentiable
at (p, 1).
Of course, for this idea have any use, we need to be able to ensure the Hele-Shaw can
develop self-tangency. To do so we start by showing essentially any reasonable family
of simply connected domains is the Hele-Shaw flow with respect to some smooth area
form 1κdA. Assume for t ∈ (a, b) that Ωt is smoothly bounded, smoothly varying simply
connected and strictly increasing and each contains the origin. Take pt to be defined by
pt = 0 on ∂Ωt and ∆pt = −δ0.
As already mentioned, the fact pt exists and is smooth on Ωt \ {0} is classical. What is
also true is pt varies smoothly with t (it seems to the authors that all the known proofs of
the existence of pt actually prove this stronger statement, see for instance [103, Appendix
A]).
Then (as observed by Berndtsson) one can reverse-engineer the defining equation for
the Hele-Shaw flow to define a smooth function κ by requiring
(9.1) Vt = −κ∇pt on ∂Ωt for t ∈ (a, b).
Since {Ωt} is assumed to be strictly increasing, Vt is non-vanishing so κ is a well-defined
strictly positive smooth function on some subset of C. If we further assume a = 0 and for
t sufficiently small Ωt is just a disc centred at the origin with Lebesgue area t, then κ is
constant on ∂Ωt for t sufficiently small, and thus extends to a smooth function across the
origin. So, by construction, {Ωt}t∈(0,b) is the strong Hele-Shaw flow with respect to 1κdA.
So far we have defined a smooth κ on Ωb. Assuming that κ extends to a smooth function
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on Ωb, we may then extend it to a smooth function on all of P1, giving an area form whose
Hele-Shaw flow agrees with {Ωt} for t < b.
We can now sketch how to use this to produce an area form whose Hele-Shaw flow
develops self-tangency (see the right hand side Figure 2 and observe that in this figure
have moved our distinguished point z0 to be the point −1). Fix t0 ∈ (0, 1) and let
Ω˜t0 be as in the figure. We assume Ω˜t0 has analytic boundary, and is symmetric under
x+ iy 7→ −x+ iy. Let z˜0 := −i ∈ Ω˜t0 so z˜20 = z0 = −1.
1
Ω˜t0 Ωt0
1−1
z˜0
z 7→ z2
z0
Figure 2. The Hele-Shaw flow developing self-tangency II
Consider the form ω˜ := ipi |z|2dz∧dz which is real analytic and strictly positive away from
z = 0. Then from short time existence of the strong Hele-Shaw flow with analytic initial
conditions [60, Theorem 6.2], there is a δ > 0 such that the strong Hele-Shaw flow with
initial condition Ω˜t0 with injection point z˜0 taken respect to ω˜ exists for t ∈ [t0− δ, t0 + δ].
Next observe ω˜ is the pullback of the standard Ka¨hler form ω := ddc|z|2 on C by the map
f(z) = z2. Set Ωt := f(Ω˜t) for t ∈ [t0 − δ, t0], so by construction Ωt0 is self-tangent at the
point p = 1. It is not hard to show that {Ωt}t∈[t0−δ,t0] is the strong Hele-Shaw flow with
respect to ω. We then complete this to a flow that tends to the point z0 as t tends to zero
by taking Ωt0−δ and shrinking it smoothly towards z0. Our previous discussions show that
it is possible to do so in such a way to obtain a Ka¨hler form on P1 whose Hele-Shaw flow
agrees with Ωt for t ≤ t0, and thus develops self-tangency as desired.
9.2. Multiply-connected flows. Using what has already been said, it is not hard to
show there are Ka¨hler forms on P1 whose corresponding Hele-Shaw flow ceases to be
simply connected at some point in time. One way to arrange this is to use the flow from
the previous section that develops self-tangency at a point p at time t0, so for a short time
after t0 the domain Ωt will not be simply connected. Another way to produce such an
example is to start with a Ka¨hler form that puts almost all of its mass on a given annulus
A ⊂ P1 containing z0. Physically this means the Hele-Shaw flow is modelling a fluid moving
through a medium that has very high permeability on A, and low permeability outside of
A. Intuitively one expects that the Hele-Shaw domains will rapidly wrap around within
A before it has a chance to completely cover the bounded domain in the complement of
A, thus giving a flow that at some point becomes non simply connected. This idea can be
made rigorous, and we refer the reader to [102, Proposition 1.4] for details.
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Theorem 9.3 (Ross-Witt Nystro¨m). Suppose ω is a Ka¨hler form on P1 and there exist
two times t0 < t1 such that the weak Hele-Shaw domains Ωt with respect to ω is not simply
connected for any t ∈ (t1, t2). Then there exists an open set U ⊂ P1 × D intersecting
P1 × ∂D non-trivial that does not meet any proper harmonic disc of Φ˜.
Proof. Theorem 7.2 lists all the harmonic discs, and also says the function H is constant
on any harmonic disc of Φ˜. From this one sees that no such disc can intersect the open
set
U := {(z, τ) : t1 − 1 < H(z, τ) < t2 − 1, |τ | > 0}.
Since H(z, 1) is continuous, and attains both values −1 and 0 somewhere on X, it follows
from continuity that U ∩ (P1 × ∂D) is non-empty. 
The point of this statement is it implies the solution Φ˜ to the HMAE is far away from
being regular, since the existence of U obstructs the possibility of a foliation of P1 × D
by proper harmonic discs. It is interesting to compare with the example of Gamelin and
Sibony, Example 3.3. There the set of proper harmonic discs did also not foliate the whole
domain (which in this case was the unit ball in C2) but the boundaries of those discs did
foliate the boundary of the domain. In our example we see even this is not the case.
9.3. Flows with simply connected final domains. Our third example concerns Hele-
Shaw flows on P1 whose final domain is biholomorphic to the disc. Suppose γ is a non-
trivial curve in Cw through the point w = 0 (i.e. the point z =∞). That is, γ is image of
a smooth function [0, 1]→ Cw that does not intersect itself and passes through w = 0.
Theorem 9.4 (Ross-Witt Nystro¨m). Suppose the final Hele-Shaw domain of ω satisfies
Ω1 = P1 \ γ.
There there is an open subset S ⊂ P1 ×D such that the solution Φ˜ to the HMAE satisfies
piP1ω + dd
cΦ˜ = 0 on S.
Said another way, we already know the rank of the form piP1ω+ dd
cΦ˜ can be at most 1,
since (piP1ω + dd
cΦ˜)2 = 0. Thus the above gives an open subset S on which piP1ω + dd
cΦ˜
fails to have maximal rank.
Proof. We shall prove the slightly weaker statement that for each τ ∈ D× the current
ω + ddcΦ˜(·, τ) vanishes on some non-empty open subset of P1 (and the reader is referred
to [104] for the proof of the full statement). As
Ω1 = P1 \ γ,
and γ passes through the point w = 0, we see Ω1 is a simply connected proper subset of
Cz. Consider the Riemann map f : D→ Ω1 with f(0) = 0. Then by Proposition 7.8
Aτ := f(D|τ |) = Ωωτ1 for τ ∈ D×.
In particular, Aτ is a proper subset of Cz whose complement has non-empty interior if
|τ | < 1.
On the other hand, for all t ∈ [0, 1] ∫
Ωωτt
ωτ = t.
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(we saw this statement Corollary 5.14 under the assumption that ωτ is a Ka¨hler form,
and this more general statement can be deduced using [12, Remark 1.19, Corollary 2.5]).
Therefore ∫
Aτ
ωτ =
∫
Ωωτ1
ωτ = t.
But our normalisation is that
∫
P1 ωτ =
∫
P1 ω = 1, and so ωτ gives zero measure to the
complement of Aτ , which is precisely what we were aiming to prove. 
It is not hard to construct a specific example of a Ka¨hler metric on P1 for which
Ω1 = P1 \ γ for some such arc γ. To do so, let ωFS be the Fubini-Study form, so ω =
ln(1 + |w|2) on Cw. We claim there is a φ ∈ C∞(P1) such that ω := ωFS + ddcφ > 0
and φ ≥ − ln(1 + |w|2) with equality precisely on γ. One can then deduce easily that
Ω1 = {z : φ(w) > − ln(1 + |w|2)} = P1 \ γ.
To produce such a φ, assume for simplicity that γ is the interval [−1, 1] ⊂ R ⊂ Cw and
let α : R→ R be a non-negative smooth non-decreasing convex function with α(t) = 0 for
t ≤ 1 and α(t) > 0 for t > 1. Then
u(w) := α(|w|2) + Im(w)2
is a smooth strictly subharmonic function on Cw that vanishes precisely on γ. Using a
regularised version of the maximum function, one can adjust the function u− ln(1+ |w|2)
for some small constant  > 0 to have the correct behaviour far away from γ to ensure φ
extends to a smooth function over P1 and ωFS +ddcφ > 0. The reader will find full details
in [104, Section 5.4].
9.4. Hele-Shaw flow with acute corner points. Our final example exploits work of
Sakai concerning the behaviour of the Hele-Shaw flow with corner points. A point c lying
on the boundary ∂Ωt of the weak Hele-Shaw domain for t in some non-trivial interval is
referred to as a stationary point. Sakai proves in [110] (see also [109, Theorem 6.2]) that
if ∂Ω0 contains a corner point c with angle strictly less than pi/2 then c is a stationary
point for the weak Hele-Shaw flow starting at Ω0 (this is to be taken as holding in the
plane with its the Euclidean structure).
Suppose that Ω0 ⊂ Cz ⊂ P1 is such a domain and set
ω :=
i
2
(1− χΩ0)dz ∧ dz
on a large ball containing Ω0. We then extend ω to a smooth Ka¨hler form outside of this
ball to all of P1. Observe that ω is absolutely continuous and semipositive, but of course
not smooth. Looking back at the proofs of the Duality Theorem and it implications for
the movement of the boundary of the weak Hele-Shaw flow (Corollary 6.7) it is clear that
they still hold for such ω.
Proposition 9.5. With background form ω, the weak solution Φ˜ to the HMAE is not in
C1(P1 × D).
Proof. Essentially by definition, Ω0 is the weak Hele-Shaw domain at time t = 0 with
respect to ω. By the result of Sakai, the corner point of Ω0 is stationary, and thus by
Corollary 6.7(1) the function H is not continuous, which means Φ˜ is not C1. 
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The implications of this can be expressed in terms of potentials. If ωFS denotes the
Fubini-Study form, then (after possibly scaling ω) we can write
ω = ωFS + dd
cφ
for some potential φ. As ω is absolutely continuous φ has bounded Laplacian, and thus
lies in C1,α for all α < 1. On the other hand combining the previous Proposition with
Lemma 6.9, the weak solution
Φ := sup{Ψ ∈ Psh(P1 × D, pi∗P1ωFS) : Ψ(z, τ) ≤ φ(τz, τ) for |τ | = 1}
to the HMAE is not even in the class C1.
9.5. Final Bibliographical Remarks. The final example is new, but the first three are
taken from [103], [102] and [104] respectively, and the reader will find stronger statements
in these cited papers. For instance in [103] one can find an area form whose Hele-Shaw
flow develops self-tangency along any given finite collection of smooth points and non-
selfintersecting curve segments. Thus it is possible to find Dirichlet data for an HMAE
that is not twice differentiable at such a prescribed set of points. And in [102] it is shown
that the phenomena of having (smooth) Dirichlet data for the HMAE for which there is an
open set not meeting any harmonic disc can be made to persist under small deformations
of the data.
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